Quadratic Equation / ﬂ_

IQUADRATIC EQUATION I

A man is like a fraction whose numerator is what he is and whose denominator is what he thinks of himself. The larger the denominator the

smaller the fraction......... Tolstoy, Count Lev Nikolgevich

1. Polynomial :
A function f defined by f(x) =a x"+a,_x""*+ ... +aXx+a,
where a,, a,, a,, ...... , &, € Ris called a polynomial of degree n with real coefficients (a, # 0, n € W).
Ifa, a,a, ..., a € C,itis called a polynomial with complex coefficients.

2. Quadratic polynomial & Quadratic equation :

A polynomial of degree 2 is known as quadratic polynomial. Any equation f(x) = 0, where f is a

guadratic polynomial, is called a quadratic equation. The general form of a quadratic equation is
ax?+bx+c=0 ... 0]

Where a, b, c are real numbers, a = 0.

If a = 0, then equation (i) becomes linear equation.

3. Difference between equation & identity :
If a statement is true for all the values of the variable, such statements are called as identities. If the
statement is true for some or no values of the variable, such statements are called as equations.

Example : (i) (x + 3)2=x2+ 6x + 9 is an identity
(i) (x + 3)2=x?+ 6x + 8, is an equation having no root.
(i) (x + 3)2=x? + 5x + 8, is an equation having — 1 as its root.

A quadratic equation has exactly two roots which may be real (equal or unequal) or imaginary.
ax?+bx+c=0is:

* a quadratic equationif a=0 Two Roots

* a linear equation if a=0,bx0 One Root

* a contradiction if a=b=0,c=0 No Root

* an identity if a=b=c=0 Infinite Roots

If ax? + bx + ¢ = 0 is satisfied by three distinct values of 'x', then it is an identity.

Example #1: (i) 3x?+ 2x — 1 = 0 is a quadratic equation here a = 3.
(i) (x + 1)? =x2 + 2x + 1 is an identity in Xx.

Solution : Here highest power of x in the given relation is 2 and this relation is satisfied by three different
values x =0, x =1 and x = — 1 and hence it is an identity because a polynomial equation of n®
degree cannot have more than n distinct roots.

4, Relation Between Roots & Co-efficients:
0] The solutions of quadratic equation, ax?+ bx + ¢ =0, (a=0) is given by

_ —b=xb®-4ac
- 2a
The expression, b? — 4 ac = D is called discriminant of quadratic equation.
(ii) If o, B are the roots of quadratic equation,
ax?+bx+c=0 ... (@)
then equation (i) can be written as
ax—a)(x=p)=0 or ax?—a(a+B)x+aaf=0 .. (i)
equations (i) and (ii) are identical,

b _  coefficient of x
a coefficient of x?

c _ constant term
a coefficient of x?

and product of the roots, aff =
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(iii) Dividing the equation (i) by a, x*+ Ex + &= 0
a a
-b c
=3 xz—(—]x+—20 = X*—(a+B)x+opf=0
a a
= X2 — (sum of the roots) x + (product of the roots) = 0

Hence we conclude that the quadratic equation whose roots are a & Bis x> —(a+ B)x +ap =0

Example #2: If o and B are the roots of ax? + bx + ¢ = 0, find the equation whose roots are a+2 and B+2.
Solution : Replacing x by x — 2 in the given equation, the required equation is
ax—2)+b(x-2)+c=0 ie., ax?—(4da—-b)x+(4a—-2b+c)=0.

Example # 3 : The coefficient of x in the quadratic equation x? + px + g = 0 was taken as 17 in place of 13, its
roots were found to be — 2 and — 15. Find the roots of the original equation.
Solution : Here g = (- 2) x (— 15) = 30, correct value of p = 13. Hence original equation is
x?+13x+30=0as(x+10) (x+3)=0
roots are — 10, -3
Self practice problems :

(1) If o, B are the roots of the quadratic equation cx?— 2bx + 4a = 0 then find the quadratic equation
whose roots are
0 %% (ii) o2, B2 (i) a+1,Bp+1
. 1+o 1+ o
v e irb v 2
l-a 1-P B«
. ] (r+1)?% b2
(2) If r be the ratio of the roots of the equation ax? + bx + ¢ = 0, show that ———— :5 .
Answers : (1) 0) cx?—bx+a=0

(ii) c2x? + 4(b?—2ac)x + 16a2 =0

(iii) cx?—2x(b+c)+(4a+2b+c)=0

(iv) (c—2b+4a)x*+2(4a—-c)x+(c+2b+4a)=0
(V) dacx? + 4(b?—-2ac)x +4ac=0

5. Theory Of Equations :

a a a

> 1=——1,Zocl(x2=+—2,20cloc2a3=——3, ..... ) Ol Oy Ol o a, = (1)
a 2l 2l ' 2

Note : (i) If o is a root of the equation f(x) = 0, then the polynomial f(x) is exactly divisible by (x — a) or

(x — o) is a factor of f(x) and conversely.

(i) Every equation of nt" degree (n > 1) has exactly n roots & if the equation has more than n roots,
it is an identity.

(iii) If the coefficients of the equation f(x) = 0 are all real and o + if is its root, then o — i is also a

root. i.e. imaginary roots occur in conjugate pairs.
(iv) An equation of odd degree will have odd number of real roots and an equation of even degree
will have even numbers of real roots.

(v) If the coefficients in the equation are all rational & a +\jﬁ is one of its roots, then
o— \/E is also a root where o, B € Q & B is not square of a rational number.

(vi) If there be any two real numbers 'a' & 'b' such that f(a) & f(b) are of opposite signs, then
f(x) = 0 must have odd number of real roots (also atleast one real root) between'a'and 'b".

(vii) Every equation f(x) = O of degree odd has atleast one real root of a sign opposite to that of its
last term. (If coefficient of highest degree term is positive).
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Example#4: If 2x® + 3x2 + 5x + 6 = 0 has roots a, B, y then find a + B +y, ap + By + ya and apy.

Solution : Using relation between roots and coefficients, we get
5 6
a+B+ry==—- —, of + By +ya= —, apy=—— =-3.
Bty > B+Py+y > By >
Self practice problems :
3) If 2p® —9pq + 27r = 0 then prove that the roots of the equations rx® —gx? + px —1 =0 are in
H.P.
4) If o, B, v are the roots of the equation x® + gx + r = 0 then find the equation whose roots are
(@) 20+ 2B +y, o+ 2B + 2y, 20+ B + 2y
rr r
(b) Ty T T T
a By
(©) (a+PB) B+7v)? (v+ o)
(d) _as, _BS, _y3
Answers : 4) (a) x+gx—-r=0 (b) X—gx?—-r2=0
(c) X3+ 20x2+2x—r2=0 (d) X—3xr+@Brr+g’)x-rr=0
6. Nature of Roots:
Consider the quadratic equation, ax? + bx + ¢ = 0 having a,  as its roots;
D=Db?-4ac
D=0 D=0
Roots are equal i.e. a = B = — b/2a Roots are unequal
& the quadratic expression can be expressed
as a perfect square of a linear polynomial
a,b,ceR&D>0 a,b,ceR&D<0
Roots are real Roots are imaginarya =p +iq, p=p-iq
a,b,ceQ& a,b,ceQ&
D is square of a rational number D is not square of a rational number
= Roots are rational = Roots are irrational

) ie.a=p+q,p=p-aq

a=1,b,cel&D issquare of an integer
= Roots are integral.

Example #5: For what values of m the equation (1 + m)x? —2(1 + 3m)x + (1 + 8m) = 0 has equal roots.

Solution : Given equationis (1 +m)x*—-2(1 +3m)x+ (1 +8m)=0 ... 0]
Let D be the discriminant of equation (i).
Roots of equation (i) will be equal if D = 0.
or 41+3m)2-4(1+m)(L+8m)=0
or 4(1+9m2+6m—-1-9m—-8m?) =0
or m?2—-3m=0 or, m(m-3)=0
: m=0, 3.
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Example # 6 : Find all the integral values of a for which the quadratic equation (x —a) (x — 10) + 1 = 0 has
integral roots.
Solution : Here the equation is x?2 — (a + 10)x + 10a + 1 = 0. Since integral roots will always be rational it
means D should be a perfect square.
From (i) D = a2 — 20a + 96.
= D=(a-10)2-4 = 4=(a-102-D
If D is a perfect square it means we want difference of two perfect square as 4 which is
possible
only when (a— 10)2=4 and D = 0.
= (a-10)==+2 = a=12,8
Example # 7 : If the roots of the equation (x — a) (x — b) — k = 0 be ¢ and d, then prove that the roots of the
equation (x—c) (x—d) + k=0, are a and b.
Solution : By given condition (x —a) (x—b)—-k=(x-c) (x—-d)
or(x-c)(x—-d)y+k=(xx-a)(x—b)
Above shows that the roots of (x —c¢) (x—d) + k=0 are a and b.
Example # 8 : Determine 'a’ such that x2 — 11x + a and x? — 14x + 2a may have a common factor.
Solution : Let x — a be a common factor of x2 — 11x + a and x? — 14x + 2a.
Then x = o will satisfy the equations x> —11x + a = 0 and x2 — 14x + 2a = 0.
o o?—11a + a = 0and o?—140 +2a=0
Solving (i) and (ii) by cross multiplication method, we get a = 0, 24.
Example #9: Show that the expression x> + 2(a + b + c)x + 3(bc + ca + ab) will be a perfect square
ifa=b=c.
Solution : Given quadratic expression will be a perfect square if the discriminant of its corresponding

equation is zero.
ie. da+b+c)?—4.3(bc+ca+ab)=0
or (@+b+c)2-3(bc+ca+ab)=0

or %((a—b)2+(b—c)2+(c—a)2)=0

which is possible only when a=b = c.

Self practice problems :

(5) For what values of 'k’ the expression (4 — k)x? + 2(k + 2)x + 8k + 1 will be a perfect square ?

(6) If (x — o) be a factor common to a,x? + b,x + ¢ and a,x? + b_x + ¢, then prove that
a(a,—a,)=b,—-b,.

@) If 3x2 + 2axy + 2y? + 2ax — 4y + 1 can be resolved into two linear factors, Prove that 'a' is a root
of the equation x? + 4ax + 2a? + 6 = 0.

(8) Let4x?—4(a—2)x + o — 2 =0 (o € R) be a quadratic equation. Find the values of 'a' for which
0) Both roots are real and distinct.
(i) Both roots are equal.
(iii) Both roots are imaginary
(iv) Both roots are opposite in sign.
(v) Both roots are equal in magnitude but opposite in sign.

9 If P(X) = ax? + bx + ¢, and Q(X) = — ax? + dx + ¢, ac # 0 then prove that P(x) . Q(x) = 0 has
atleast two real roots.

Answers. (5) 0,3

(8) () 02)u@ o  (hae{2,3} (i) (2 3) (V) (=>,2)  (v) ¢
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7.

(i)

Graph of Quadratic Expression :

*

the graph between x, y is always a parabola.

the co-ordinate of vertex are (—21 , —R)

If a > 0 then the shape of the parabola is concave upwards & if a < 0 then the shape of the
parabola is concave downwards.
y y=ax’+bx+c y y=ax+bx+c
(@>0) L_D) (a<0)
\(0,0)

2a’ 4a,
\ o /\ﬁ
0 / X
0
%_\b’/ﬁ i 0, ¢) \

the parabola intersect the y—axis at point (0, c).

I
vertex ‘\-

the x—co-ordinate of point of intersection of parabola with x—axis are the real roots of the
quadratic equation f (x) = 0. Hence the parabola may or may not intersect the x-axis.

Range of Quadratic Expression f(x) = ax2 + bx + ¢.

(i)

Range :
D
lfa>0 = f(xe |:——,00J
4a
fa<0 = fx)e [_w,_ﬂ}
4a

Hence maximum and minimum values of the expression f (x) is ~ in respective cases and it
a

b
occurs at x = A (at vertex).
a

Range in restricted domain:
Given x € [x,, X,]

€) If—L ¢ [x,, x,] then,
2a
FOde [min{f(xy),f(xz)}, max{f(x,),f(x,)}]
(b) If — % € [x,, x,] then,

o0 [ [16).106) -2 e 16).105) -2

Sign of Quadratic Expressions :

The value of expression f (x) = ax®>+ bx + ¢ at x = x, is equal to y—co-ordinate of the point on parabola
y = ax?+ bx + ¢ whose x—co-ordinate is x,. Hence if the point lies above the x—axis for some x = x,,
then f (x,) > 0 and vice—versa.

/\
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We get six different positions of the graph with respect to x—axis as shown.

(i) \ / y Conclusions :

(a) a>0
(b) D>0
(c) Roots are real & distinct.

(d) fx)>0inXx € (— o, a) U (B, )
(e) f(x) <0inx € (a, B)

(i) \_/ (a) a>0

o
(b) D=0
(c) Roots are real & equal.
(d) f(x)>0inx e R—{o}

(iif) \/ @ a>0

(b) D<O
(c) Roots are imaginary.
(d) fx) >0V xeR.

(iv) ﬁ @  a<o

(b) D>0

(c) Roots are real & distinct.

(d) fx) <0inx e (— o, a) U (B, )
(e) fx)>0inx e (a, B)

(v) ; ; x (@ a<o0

(b) D=0
(c) Roots are real & equal.
(d) f(x)<0inx € R —{o}

(vi) /\ (a) a<o

(b) D<O
(c) Roots are imaginary.
(d) fx)<0VxeR.

Example# 10: If c <0 and ax? + bx + ¢ = 0 does not have any real roots then prove that
0] a-b+c<0 (i) 9a+3b+c<0.

Solution : c<0andD<O0 = f(x) =ax?+bx+c<Oforallx e R
= f-1)=a-b+c<0
and f(3)=9a+3b+c<0

Example# 11: Find the range of f(x) = x> — 5x + 6.
Solution : minimum of f(x) = _b atx = _b =— (
4a 2a

maximum of f(x) — o

*l )
Hence range is _Z’OO
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2

Example#12 : Find the range of rational expression y = X2—+j if X is real.
X5+ X+

2_
Solution : y - X —x+4 = (y-1)x2+(y+1)x+4y-1)=0 ... (i)

X2 +x+4

case-1: ify= 1, then equation (i) is quadratic in x

and X is real
D>0 = (y+1)2-16(y-1)2=>0 = (by-3) (3y-5)<0
3 5
=D -4
ye {5 3} {1}
case-Il : if y=1,then equation becomes
2x=0=> x = 0 which is possible as x is real.
Rangec E, >
5 3
. X+3 e O
Example#13: Find the range of y = —, if X is real.
2X° +3x+9
Solution : y= 2)(;3
2X°+3x+9
= 2yx?+ (3y-1)x+338y-1)=0 ... 0]
case-I: ify= 0, then equation (i) is quadratic in x
X is real
D>0

= (By—-12-24y(3y—-1)>0
= By-1)(21y+1)<0
1 1
-—, = ={0
ye { 51 3} {0}
case-II: if y=0, then equation becomes
=-3 which is possible as x is real
1

1
R y
angeye[ Tl 3}

Self practice problems :
(20) If c >0 and ax? + 2bx + 3c = 0 does not have any real roots then prove that
0] 4da—-4b+3c>0 (ii) a+6b+27c>0 (iii) a+2b+6¢c>0

(11)  Iff(x) = (x — a) (x = b), then show that f(x) > - (@=by” _4b)2 _

(12) Find the least integral value of 'k’ for which the quadratic polynomial
(k=1)x2+8x+k+5>0Vx eR.

2
. . 4x-71 .. .
(13) Find the range of the expression X;L ,if xis areal.
X +2x-7
2
. . . . . . -4
(14) Find the interval in which 'm' lies so that the expression —mx2+3x can take all real
—4X° +3X+m

values, X € R.
Answers : 12)k=4 (13) (= o0, 5] U [9, ) (14 me(1,7)
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10. Location of Roots :
Letf(x) = ax2+ bx+c,wherea>0&a b ceR.

(i) (iii) <me<:>>§
() Conditions for both the roots of f (x) = 0 to be greater than a specified numberx,’ are
b2 —4ac >0 & f(x,) > 0 & (—b/2a) > x,.
(ii) Conditions for both the roots of f (x) = 0 to be smaller than a specified number ‘x; are
b2 —4ac >0 & f(x,) > 0 & (—b/2a) < x,.
(iii) Conditions for a number ‘x;’ to lie between the roots of f(x) = 0 is f(x,) < 0.

B

X X

(iv) W T D)

(iv) Conditions that both roots of f (x) = 0 to be confined between the numbers x, and
X, (X, <x,) are b2—4ac >0 & f(x,) >0 & f(x,) > 0 & X, < (—b/2a) < x,.

(v) Conditions for exactly one root of f(x) = 0 to lie in the interval (x, X,) i.e.

X, <X <X, isf(x).f(x,) <O.

Example#14: Letx?— (M —-3)x+ m =0 (m e R) be a quadratic equation, then find the values of ‘m' for which

€) both the roots are greater than 2.
(b) both roots are positive.
(© one root is positive and other is negative.
(d) One root is greater than 2 and other smaller than 1
(e) Roots are equal in magnitude and opposite in sign.
)] both roots lie in the interval (1, 2)
f(x)
Solution : €) ) \ /
ol 2 X
Condition-1: D=0 = M-32-4m>0 = m?-10m+9=>0
= M=-1)(mM-9)>0
= me(-ow, 1J]U[9,x© ... 0]
Condition -11: f(2) >0 = 4-(m-3)2+m>0=> m<10 ... (i)
Condition - TIT : —23 >2 - M=-3 55 ms7 .. (i)
a

Intersection of (i), (ii) and (iii) gives m € [9, 10)

NS

(b)
ol
Condition - I D>0 = m e (— oo, 1] U [9, )
Condition-1I  f(0)>0 = m>0
. b m-3
Condition-1I1 ——>0 = >0 = m >3
2a 2
intersection gives m e [9, «) Ans.
f(x)

(©) X

Condition-1  f(0)<O0 = m<0 Ans.

® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ Resonance Website: www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVOE-8
Educating for better tomorrow Toll Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029 QE-



mailto:contact@resonance.ac.in

Quadratic Equation / m_

f(x)

(d)
0 X
Condition-1  f(1) <0 = 4<0 = me o
Condition-1I  f(2) <0 = m > 10
Intersection gives me ¢ Ans.
(e) sum of roots = 0 = m=3
and f(0)<0 = m<0 me¢ Ans.
f(x)
» A
of 1 2 X
Condition-I D=0 = m € (— oo, 1] U [9, x)
Condition -1 f(1) >0 = 1-(m-3)+m>0 = 4 >0whichistrue v meR
Condition -III f(2)>0 = m < 10
Condition - IV 1<—23 <2 = 1<M3 ., ~  5<m<7
a

intersection gives m € ¢ Ans.

Example#15: Find all the values of 'a' for which both the roots of the equation (a — 2)x? — 2ax + a = 0 lies
in the interval (- 2, 1).

Solution : Case-l : f(-2) >0 = 4(a—-2)+4a+a>0

9a-8>0 = a>g

f(1) >0 =3 a—-2-2a+a>0

—2 >0 not possible aed
Case-ll : a—-2<0 = a<?2
f(-2) <0 s a<g
f(1) <0 = aeR
—2<£—<1 = a<£
2a 3
D>0 == a0
8

intersection gives a e [O, 5]

complete solution a e {0, %j v {2}

Self practice problems :
(15) Letx?—2(@a—1)x +a—1=0 (a € R) be a quadratic equation, then find the value of 'a' for which

€) Both the roots are positive (b) Both the roots are negative

(c) Both the roots are opposite in sign. (d) Both the roots are greater than 1.
(e) Both the roots are smaller than 1.

) One root is small than 1 and the other root is greater than 1.

(16) Find the values of p for which both the roots of the equation 4x? — 20px + (25p2 + 15p — 66) =0
are less than 2.

a7 Find the values of 'a’' for which 6 lies between the roots of the equation x? + 2(ac — 3)x + 9 = 0.

(18) Letx* —2(@a—-1)x +a—1 =0 (a € R) be a quadratic equation, then find the values of 'a’' for

which

0) Exactly one root lies in (0, 1). (i) Both roots lies in (0, 1).
(iii) Atleast one root lies in (0, 1).

(iv) One root is greater than 1 and other root is smaller than 0.
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(29) Find the values of a, for which the quadratic expression ax? + (a — 2) x — 2 is negative for
exactly two integral values of x.
Answers : (15) (@ [2, =) b)¢ () (== 1) (Ao (&) (- 1] () (2, )

(16) (=, 1) (17) (—oo, _%J

(18) (i) (oo, 1) U (2, ) (i) ¢ (i) (—o0, 1)U (2, 0) (V) ¢
(19) [1, 2)

11. Common Roots:

Consider two quadratic equations, a,x?+ b, x+c, =0&a,x*+b,x+c,=0.

(i)

(ii)

If two quadratic equations have both roots common, then the equations are identical and their
co-efficient are in proportion.
. a, b c
ie. L1 -1
a, b, ¢

If only one root is common, then the common root ' o' will be :
_ G138, —Ca; _ bic; by

a;b, —a,b; cja, —cra
Hence the condition for one common root is :

= (cla2 -c, al)2 = (alb2 —a,b,) (b102 -b,c,)

Note : If f(x) = 0 & g(x) = 0 are two polynomial equation having some common root(s) then those common
root(s) is/are also the root(s) of h(x) = a f(x) + bg (x) = 0.

Example # 16 :

Solution :

Now

and

Example#17 :

Solution :

If x> —ax + b =0and x> — px + g = 0 have a root in common and the second equation has

equal roots, show thatb + q = a_2p .

Given equationsare: x*—ax+b=0 ... 0]

and X>—px+qg=0. ... (i)

Let a be the common root. Then roots of equation (ii) will be o and a. Let  be the other root of
equation (i). Thus roots of equation (i) are a, p and those of equation (ii) are a, a.

a+p=a (iif)
ap=b (iv)
20=p (v)
o2=q (Vi)
LHS.=b+g=of+®=a(faa+B) ... (vii)
R.H.S. = % = % =a(@+B) e (viii)

from (vii) and (viii), L.H.S. = R.H.S.

If a, b, c € R and equations ax? + bx + ¢ = 0 and x? + 2x + 9 = 0 have a common root, show that
a:b:c=1:2:0.

Given equations are : x>+ 2x+9=0 ... 0]

and ax?+bx+c=0 . (ii)

Clearly roots of equation (i) are imaginary since equation (i) and (ii) have a common root,
therefore common root must be imaginary and hence both roots will be common.

Therefore equations (i) and (ii) are identical

c

9

1:2:9

a_b
1 2
C

o

a:
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Self practice problems :

(20) If the equations ax? + bx + ¢ = 0 and x® + x — 2 = 0 have two common roots then show that

2a=2b=c.
(21) Ifax®+ 2bx + ¢ = 0 and a,x? + 2b,x + ¢, = 0 have a common root and 2, 3 £ arein AP.
a b &
show thata,, b, ¢, are in G.P.
12. Graphs of Polynomials
y=ax"+ .. + a,x + a, The points where y' = 0 are called turning points which are critical in

plotting the graph.

Example# 18 : Draw the graph of y = 2x3 — 15x? + 36x + 1

Solution. y' =6x2—30x +36 =6(Xx—3) (X—2) X
X 2 3 0 —0
y 29 28 o) —o0

Example#19 : Draw the graph of y = —3x* + 4x® + 3, y

4
3
Solution. y' = —12x% + 12x . |
X

y' =-12x? (x — 1) / % 1 \
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Bl Exercise-1 |

w Marked questions are recommended for Revision.

PART -1 : SUBJECTIVE QUESTIONS

Section (A) : Relation between the roots and coefficients ; Quadratic Equation

A-1. For what value of 'a’, the equation (a? — a — 2)x? + (a2 — 4)x + (a? — 3a + 2) = 0, will have more than two
solutions ? Does there exist a real value of 'x' for which the above equation will be an identity in 'a' ?

A-2. If o and B are the roots of the equation 2x? + 3x + 4 = 0, then find the values of

() or+p i 24P

B a

A-3. If o and B are the roots of the equation ax2 + bx + ¢ = 0, then find the equation whose roots are given by

() a+=ps () a2+2,p+2

B o
A-4.  Ifa=pbuto?=>5a-3,B2=>5p -3, then find the equation whose roots are % and E
[0

A-5.  In copying a quadratic equation of the form x? + px + g = 0, the coefficient of x was wrongly written

as — 10 in place of — 11 and the roots were found to be 4 and 6. Find the roots of the correct equation.
A-6. (= Find the value of the expression 2x3 + 2x2 — 7x + 72 when x = &2\/__1 .

—1+\/1_5
2

i Find the value of the expression 2x3 + 2x2 — 7x + 72 when x =
(i) P

(iii) Solve the following equation 2% + 2x2 — 32 =0

A-7.=  Let a, b, c be real numbers with a # 0 and let o, B be the roots of the equation ax2 + bx + ¢ = 0. Express
the roots of a3x2 + abcx + ¢3 = 0 in terms of a, B

A-8.x Ifa, parerootsof x2—px+qg=0and a— 2, B + 2 are roots of x> — px + r = 0, then prove that
16q + (r + 4 — q)? = 4p2.

A-9.%. If one root of the equation ax? + bx + ¢ = 0 is equal to nt power of the other root, then show that
(acn)ll(n +1) 4 (anc)ll(n +)+pb=0.

A-10. If the sum of the roots of quadratic equation (a + 1)x? + (2a + 3)x + (3a + 4) = 0 is -1, then find the
product of the roots.

A-11. Find the least prime integral value of '2a' such that the roots «, B of the equation 2 x2 + 6x +a =0
satisfy the inequality % + B <?2.
(04

Section (B) : Relation between roots and coefficients ; Higher Degree Equations

B-1. If o and B be two real roots of the equation x3 + px2 + gx + r = 0 (r = 0) satisfying the relation off + 1 =0,
then prove thatr2 + pr+q+1=0.
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B-2. If a, B, vy are the roots of the equation x3 + px2 + gx + r = 0, then find the value of
1 1 1
)l )l )
Py Yo op
B-3.= (i) Solve the equation 24x3 — 14x2 — 63x + A = 0, one root being double of another. Hence find the

value(s) of A.
(i) Solve the equation 18x3 + 81x2 + Ax + 60 = 0, one root being half the sum of the other two.
Hence find the value of A.

B-4. If o, B, v are roots of equation x3 — 6x2 + 10x — 3 = 0, then find cubic equation with roots
200+ 1,2 +1, 2y + 1.

B-5.= |Ifa, B andy are roots of 2x2 + x2 — 7 = 0, then find the value of E (3+Ej .
(04
o, B,y

B-6.  Find the roots of 4x3 + 20x? — 23x + 6 = 0 if two of its roots are equal.
Section (C) : Nature of Roots

C-1. If 2 + i\/§ is a root of the equation x2 + px + q = 0 (where p, g € R and i2 = 1), then find the ordered
pair (p, ).

C-2. If the roots of the equation x2 — 2cx + ab = 0 are real and unequal, then prove that the roots of
X2 —2(a+ b) x + a2 + b2 + 2¢2 = 0 will be imaginary.

C-3.  For what values of k the expression kx2 + (k + 1)x + 2 will be a perfect square of a linear polynomial.

C-4. Show that if roots of equation (a2 — bc) x> + 2(b?> — ac) x + c2 — ab = 0 are equal, then either
b=0ora®+ Db+ c®=3abc

C-5= Ifa, b, c € R, then prove that the roots of the equation L + = + L 0 are always real and
X—a X- X—C

cannot have rootsifa =b = c.
1
+
(x+p) (x+0)
show that p + g = 2r and that the product of the roots is equal to (-1/2) (p2 + g?).

C-6.  If the roots of the equation

=

are equal in magnitude but opposite in sign, then

C-7w (i) If —2 +iB is a root of x3 + 63x + A = 0 (where B € R — {0}, A € R and i2 = —1), then find roots of
equation.

(i) If _?1 +ip, is a root of 2x® + bx2 + 3x + 1 = 0 (where b, € R — {0} and i? = -1), then find the
value(s) of b.
C-8.  Solve the equation x* + 4x® + 5x? + 2x — 2 = 0, one root being — 1 + J—_l
C-9.w»  Draw graph of y = 12x3 — 4x2 — 3x + 1. Hence find number of positive zeroes.
Section (D) : Range of quadratic expression and sign of quadratic expression

D-1.  Draw the graph of the following expressions :
() y=x2+4x+3 (i) y = 9x% + 6x + 1 (iii) =—2x*+x-1
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D-2.

D-3.

D-4.

Find the range of following quadratic expressions :

() f(x) =—x%+2x +3 VxeR
(i) f(x)=x2—2x+3 Vv X e [0, 3]
(iii) f(x) =x2—4x +6 Vv x e (0, 1]

If x be real, then find the range of the following rational expressions :

(i)

X% +x+1 (s y= x> —2x+9
X% +1 x> —2x-9

kx? + 2(k +1)x + (9k + 4)
x? -8x +17

Find the range of values of k, such that f(x) = is always negative.

D-5x» x2+(a-b)x+ ({1 -a-b)=0,a,b e R.Find the condition on 'a" for which

0] Both roots of the equation are real and unequal Vb e R .
(i) Roots are imaginary Vb € R

Section (E) : Location of Roots

E-1.

E-2.

E-3.

E-4.%w

E-5.=

If both roots of the equation x? — 6ax + 2 — 2a + 9a? = 0 exceed 3, then show that a > 11/9.

Find all the values of 'K' for which one root of the equation x2 —(K+ 1) x + K2+ K-8 = 0, exceeds 2 &
the other root is smaller than 2.

Find all the real values of 'a’, so that the roots of the equation
(a2—a+2)x2+2(@-3)x+9(a*— 16) = 0 are of opposite sign.

Find all the values of 'a', so that exactly one root of the equation x2 — 2ax + a2 — 1 = 0, lies between the
numbers 2 and 4, and no root of the equation is either equal to 2 or equal to 4.

If o & B are the two distinct roots of x2 + 2 (K- 3) x + 9 = 0, then find the values of K such that
o, pe(-6,1).

Section (F) : Common Roots & Graphs of Polynomials

F-1.m

F-2.

F-3.

F-4.

F-5.=

F-6.=

If one of the roots of the equation ax? + b x + ¢ = 0 be reciprocal of one of the roots of
a; x?+b, x +c; =0, then prove that (aa, —cc,)> = (bc, —ab,) (b,c —a,b).

Find the value of 'a’ so that x2— 11 x + a=0 and x2 — 14x + 2a = 0 have a common root.
If ax2 + bx + ¢ = 0 and bx2 + cx + a = 0 have a common root and a, b, ¢ are non-zero real numbers, then

a®+b%+c
abc '

find the value of

fx2+px+qg=0andx2+gx+p=0, (p=q) have a common root, show that 1 + p + g = 0 ; show that
their other roots are the roots of the equation x2 + x + pq = 0.

Draw the graphs of following :
0] y=2x3 + 9x2 - 24x + 15 (i) y=—3x*+4x3+12x2 -2

Find values of ‘k’ if equation x® — 3x? + 2 = k has
(i) 3 real roots (i) 1 real root

/\
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PART -1l : ONLY ONE OPTION CORRECT TYPE

Section (A) : Relation between the roots and coefficients quadratic equation

A-1.

A-2.

A-3.

A-4.

A-5.

The roots of the equation (b —c) x>+ (c—a)x + (a—b) =0 are
c-a a-b b-c c-a
A —,1 B) —,1 c)——,1 D) — ,1
()b_C ()b_C ()a—b ()a—b
If a, p are the roots of quadratic equation x> + px + =0 and vy, 8 are the roots of X2 + px —r =0,
then (a—7v).(a—38) isequalto:

(A)g+r B) g—r €) —(@+n D) —(p+qg+r)

Two real numbers o & B are such that o+ = 3, a—B= 4, then a & B are the roots of the quadratic
equation:
(A)4x2-12x-7=0 (B)4x?2-12x+7=0 (C)4x?-12x+25=0 (D) none of these

For the equation 3x2 + px + 3 =0, p > 0 if one of the roots is square of the other, then p is equal to:
(A) 1/3 (B) 1 (C)3 (D) 2/3

Consider the following statements :
S, : If the roots of x> — bx + ¢ = 0 are two consecutive integers, then value of b2 — 4c is equal to 1.

S, : If o, B are roots of x> —x + 3 = 0 then value of a* + * is equal 7.

S, : Ifa, B,y are the roots of x* — 7x? + 16 x — 12 = 0 then value of o> + 2 + y* is equal to 17.
State, in order, whether S, S,, S, are true or false

A)TTT (B) FTF (C) TFT (D) FTT

Section (B) : Relation between roots and coefficients ; Higher Degree Equations

B-1.

B-2.»=

B-3.&

B-4.

B-5.w

If two roots of the equation x® — px?2 + gx — r = 0, (r # 0) are equal in magnitude but opposite in sign,
then:

(A)pr=q B)gr=p ©Cpg=r (D) None of these
. _ l1+a  1+B  1+y )
If a, B & y are the roots of the equation x® — x — 1 = 0 then, +F + has the value equal to:
l-a 1-B 1-y
(A) zero (B) -1 (C)-7 (D) 1

Let a, B, y be the roots of (x —a) (x —b) (x —c) =d, d = 0, then the roots of the equation
X—a)(x=B)(x—=y)+d=0are:

(A)Ja+1,b+1,c+1 (B)ab,c (Ca-1,b-1,c-1 (D) %, b ¢
c
. a’+B+vy° .
If o, B, y are the roots of the equation x® + ax + b = 0 then value of T is equal to :
o’ +B +y
2 ® = (©) 3 ©) 25
2a 2a

If two of the roots of equation x* — 2x3 + ax2 + 8x + b = 0 are equal in magnitude but opposite in sign,
then value of 4a + b is equal to :

(A) 16 (B) 8 (C)-16 (D) -8
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Section (C) : Nature of Roots

C-1. If one roots of equation x? —\/5 Xx+A=0,2AreRis \/§+ 2 then other root is

(A) 3-2 (B)-2 ©)2-3 (D) 2

C-2. If roots of equation 2x?+bx +c=0; b, c € R, are real & distinct then the roots of equation
2cx2+(b—-4c)x+2c—b+1=0are
(A) imaginary (B) equal (C) real and distinct (D) can't say

C-3.= Let one root of the equation x? + ¢x + m = 0 is square of other root. If meR then

® (e (—oo,ﬂum (B) fe(—o.0] © e (—oo,ﬂ © e (H

C-4. If a, b, c are integers and b? = 4(ac + 5d?), d € N, then roots of the quadratic equation ax? + bx + c =0
are
(A) Irrational (B) Rational & different (C) Complex conjugate (D) Rational & equal

C-5x= Let a and b be real numbers such that 4a + 2b + ¢ = 0 and ab > 0. Then the equation
ax?+bx +c =0 has
(A) real roots (B) imaginary roots (C) exactly one root (D) none of these

C-6.  Consider the equation x? + 2x —n = 0, where n € N and n < [5, 100]. Total number of different values of
'n' so that the given equation has integral roots, is
(A) 4 (B) 6 (€)8 (D)3

Section (D) : Range of quadratic expression and sign of quadratic expression

D-1. If o & B (o < B) are the roots of the equation x2 + bx + ¢ = 0, where ¢ < 0 < b, then
(A)O<a<pB (B) a <0< B2<a? C)a<p<O (D) <0< a?<p?

D-2. Which of the following graph represents the expression f(x) = a x> + bx + ¢ (a # 0) when
a>0,b<0&c<07?

y y \'i/ y
X

(A) —p x (B) x (© 0| x (D)7 0

D-3.  The expression y = ax? + bx + ¢ has always the same sign as of 'a' if :

(A) 4ac < b? (B) 4ac > b? (C) 4ac =b? (D) ac < b?
D-4.  The entire graph of the expression y = x2 + kx — x + 9 is strictly above the x-axis if and only if

(A k<7 (B)-5<k<7 (COk>-5 (D) none of these
D-5. If a, b € R, a = 0 and the quadratic equation ax? — bx + 1 = 0 has imaginary roots then a + b + 1 is:

(A) positive (B) negative (C) zero (D) depends on the sign of b
D-6. If a and b are the non-zero distinct roots of x? + ax + b = 0, then the least value of x> + ax + b is

3 9 9
A) — B) — C) - — D)1
(A) > (B) 2 ©) 2 (D)

D-7. Ify=-2x2-6x+9, then
(A) maximum value of y is =11 and it occurs at x = 2
(B) minimum value of y is =11 and it occurs at x = 2
(C) maximum value of y is 13.5 and it occurs at x = -1.5
(D) minimum value of y is 13.5 and it occurs at x = -1.5

D-8.  If f(x) = x2 + 2bx + 2c2 and g(x) = — x2 — 2cx + b2 are such that min f(x) > max g(x), then the relation
between b and c, is
(A) no relation (B)O<c<h/2 (C)c2<2b (D) c2 > 2h?
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Section (E) : Location of Roots

E-1. If b > a, then the equation (x —a) (x — b) — 1 =0, has:

(A) both roots in [a, b] (B) both roots in (— o, @)
(C) both roots in [b, ) (D) one root in (— «, a) & other in (b, «)
E-2. If a, B are the roots of the quadratic equation x2 — 2p (x — 4) — 15 = 0, then the set of values of 'p' for
which one root is less than 1 & the other root is greater than 2 is:
(A) (7/3, ) (B) (—, 7/3) C©)xeR (D) none of these

E-3.= If a, B be the roots of 4x2 — 16x + A = 0, where A € R, such that 1 < o <2 and 2 < < 3, then the

number of integral solutions of A is
(A)5 (B)6 (€)2 (D)3

E-4.= Set of real values of k if the equation x? — (k—1)x + k? = 0 has atleast one root in (1,2) is
(A) (2, 4) (B) [-1, 1/3] © {3} (D) ¢

Section (F) : Common Roots & Graphs of Polynomials

F-1. If the equations k (6x? + 3) + rx + 2x2 — 1 = 0 and 6k (2x? + 1) + px + 4x2 — 2 = 0 have both roots
common, then the value of (2r — p) is

(A)O (B) 1/2 <1 (D) none of these
F-2. If 3x2 —17x + 10 = 0 and x2 — 5x + A = 0 has a common root, then sum of all possible real values of X is
29 26 29
A)O B) —— C) — D) —
(A) (B) 5 (©) 3 (D) 5

F-3.= If a, b, p, g are non—-zero real numbers, then two equations 2a? x> — 2 ab x + b2 = 0 and
p?x?+ 2 pg x + g?> = 0 have

(A) no common root (B) one common root if 2 a2 + b? = p? + g2
(C) two common roots if 3 pg =2 ab (D) two common roots if 3gb =2 ap
3 —
F-4. The graphs of y = X~ = 4x is
y
30
y
N\
3
(A) 15 (B)

(©) (D)

} } > X
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F-5.= The graphsofy=x*-2x2+5is

y
30
y
N\
3
(A) (B) 0
7 X )
y
A
0, 5)
NY 4
©) 2 (D)
> X
\{g / - 1
2 X
PART - 1ll : MATCH THE COLUMN
1. Column -1 Column -1I
(A) If a, oo + 4 are two roots of x2—8x +k =0, (p) 4
then possible value of k is
(B) If o, B are roots of x? + 2x — 4 = 0 and 1, % are (q) 0
(04
roots of x2 + gx + r = 0 then value of_—3 is
g+r
© If o, B are roots of ax? + ¢ = 0, ac = 0, then (n 12
o + B is equal to
(D) If roots of X2 —kx +36=0 (s) 10

are Integers then number of values of k =

2.m If graph of the expression f(x) = ax? + bx + ¢ (a # 0) are given in column-Il, then Match the items in
column-1 with in column-II (where D = b? — 4ac)

Column-I Column-II
AY
abc
() 22550 ®) \
5 ~_—— > X
AY
abc
(B) T<O (@)
75 \= X
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Y
(C) abc > 0 (" \\/

> X
@
X

Yy
7' N

O >
(D) abc <0 ) /\

3= Let y = Q(X) = ax? + bx + ¢ be a quadratic expression. Match the inequalities in Column-1 with possible
graphs in Column-II.

Column-I Column-II
y
(A) QX)>0,Vxe(27) (9] /
2
o1 — 7 X
y
1 ~ «
(B) Q(X)>0,Vxe (-x1) (@) 0/ 2 7\
y
\
©) Q(x) <0,V xe(l,6) ( \
1 6
0 \//7 *
y
D) QX <0,Vxe (o —1) () . /l/_\ )
—1/0| 7\
y
G \’/
o 7
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Il Exercise-2

w Marked questions are recommended for Revision.

PART -1: ONLY ONE OPTION CORRECT TYPE

1. Leta>0,b >0 & c>0. Then both the roots of the equation ax? + bx +c =0
(A) are real & negative (B) have negative real parts
(C) are rational numbers (D) have positive real parts
2. If the roots of the equation x? + 2ax + b = 0 are real and distinct and they differ by atmost 2m, then b
lies in the interval
(A) (@2 —m?, a?) (B) [a? — m?, @) (©) (a?, a> + m?) (D) none of these
3. The set of possible values of A for which x2 — (A2 — 5 + 5)x + (2A%? — 3L — 4) = 0 has roots, whose sum
and product are both less than 1, is
5 5 5
A|-1, = B) (1, 4 c) 1, = D)1, =
()( 2) (B) (1, 4) (){ 2} ()( 2]
4, Ifp,q,r s e R, then equaton (X2 + px + 3q) (-x® + rx + ) (—x? + sx — 2g) = 0 has
(A) 6 real roots (B) atleast two real roots
(C) 2 real and 4 imaginary roots (D) 4 real and 2 imaginary roots

5.x If coefficients of bigquadratic equation are all distinct and belong to the set {-9, — 5, 3, 4, 7}, then
equation has
(A) atleast two real roots
(B) four real roots, two are conjugate surds and other two are also conjugate surds
(C) four imaginary roots
(D) None of these

6.» Letp,q,r,seR,x2+px+q=0,x2+rx+s=0suchthat2 (q+s)=prthen
(A) atleast one of the equation have real roots.
(B) either both equations have imaginary roots or both equations have real roots.
(C) one of equations have real roots and other equation have imaginary roots
(D) atleast one of the equations have imaginary roots.

7. The equation, m* = —2x? + 6x — 9 has:
(A) no solution (B) one solution (C) two solutions (D) infinite solutions

8.: If(M2+1—-2)x2+ (A +2)x<1forall x e R, then A belongs to the interval

(A) (-2,1) (B) {—2, %j © [% 1) (D) none of these
9. Let conditions C, and C, be defined as follows : C, : b2 —4ac > 0, C, : a, —b, c are of same sign. The
roots of ax? + bx + ¢ = 0 are real and positive, if
(A) both C, and C, are satisfied (B) only C, is satisfied
(C) only C, is satisfied (D) none of these
2 —_—
10.= If'X'is real, then wcan take all real values if :
X“+X+2C
(A) c € [0, 6] (B)c € [-6,0]
(C)c e (—o,—6) U (0, ) (D)c e (-6,0)
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11. If both roots of the quadratic equation (2-x) (x+1) = p are distinct & positive, then complet set of
values of p is:

12.= If two roots of the equation (a—1) (X2 +x + 1)?—(a+ 1) (x*+x2+ 1) =0 are real and distinct, then 'a’
lies in the interval

13.= The equations x® + 5x? + px + g = 0 and x® + 7x? + px + r = 0 have two roots in common. If the third root
of each equation is represented by x, and x, respectively, then the ordered pair (x,, X,) is:

1l4= Ifa, b, carereal and a®> + b2 + c2 = 1, then ab + bc + ca lies in the interval:

1 1 1
A)|=,2 B) [0, 2 C)|-=-.,1 D) |-1,=
()[2} (8)[0. 2] ()[2} ()[ 2}
PART -1l : NUMERICAL VALUE QUESTIONS

INSTRUCTION :

% The answer to each question is NUMERICAL VALUE with two digit integer and decimal upto two digit.

< If the numerical value has more than two decimal places truncate/round-off the value to TWO decimal

placed.

1lxa Find sum of square of real roots of equation x (x + 1) (x + 2) (x + 3) = 120

2.m  Find product of all real values of x satisfying (5 +2v6)* 2 +(5-2v6)" 3= 10

KR\ If a, b are the roots of x2 + px + 1 = 0 and c, d are the roots of x2 + gx + 1 = 0. Then find the value of
(a-c)(b-c)(a+d)(b+d)(a*-p?.

4. a, B are roots of the equation A (x> —x) + x + 5 = 0. If X, and A, are the two values of A for which the
roots a, B are connected by the relation %+E = 4, then the value of | =2—"2 | is

(04

5.x Let one root of equation (¢ — m) x2 + /x + 1 = 0 be double of the other. If / be real and m < k then find
the least value of k.

6. Let a, B be the roots of the equation X2 + ax + b =0 and v, 5 be the roots of x> —ax + b -2 =0. If afyd =
24 and i+l+i+l = 1—1, then find the value of a.

a By & 5

7.5 If a>b >0 and a3 + b3 + 27ab = 729 then the quadratic equation ax? + bx — 9 = 0 has roots
a, B (o < B). Find the value of 4B — aa.

8.:m Let a and B be roots of x2 — 6(5t2 — 3t + 7)x — 2 = 0 with a > B. If a_ = a” — p" for n > 1, then find the

- 8100 — 28
minimum value of 90 ="%8 (where t € R)
8gg

/\
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9. If a, B, v, 8 are the roots of the equation x* — Kx® + Kx? + Lx + M = 0, where K, L & M are real numbers,
then the minimum value of a? + 2 + y2 + 8% is — n. Find the value of n.

10. Consider y = where X is real, then the range of expression y? + y — 2 is [a, b]. Find the value of

1+ %2

(b —a).

11.» If the roots of the equation 3x® + Px2 + Qx — 37 = 0 are each one more than the roots of the equaton
x® — Ax? + Bx — C =0, where A, B, C, P & Q are constants, then the value of A+ B + Cis equal to :

12. If one root of the equation t? — (12x)t — (f(x) + 64x) = 0 is twice of other, then find the maximum value of
the function f(x), where x € R.

13. The values of k, for which the equation x2 + 2(k — 1) x + k + 5 = 0 possess atleast one positive root, are
(= o, — b]. Find value of b.

14.» Find the least value of 'a' for which atleast one of the roots of the equation x2 - (a—3)x+a=20s
greater than 2.

15. If the quadratic equations 3x? + ax + 1 = 0 & 2x? + bx + 1 = 0 have a common root, then the value of the
expression 5ab — 2a? — 3b? is

16.= The equations 3x2 — 7ax + b = 0, x3 — px2 + gx = 0, where a, b, p, g € R — {0} have one common root &

the second equation has two equal roots. Find value of 31; b .

17. If x—y andy — 2x are two factors of the expression x® — 3x2y + Axy? + uy?, then A2 + p?is

PART - 11l : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE

1. Possible values of 'p' for which the equation (p2 — 3p + 2)x2 — (p2 — 5p + 4)x + p — p2 = 0 does not
possess more than two roots is/are
(A)O (B)1 (€)2 (D) 4
2. If a, b are non-zero real numbers and a, B the roots of x> + ax + b = 0, then
(A) o?, B2 are theroots of x> —(2b—a?) x +a2=0
(B) 1 % are theroots of bx? +ax+1=0
(04
© %, B are the roots of bx2 + (2b—a?) x+b =0
(04

(D) (oo — 1), (B — 1) are the roots of the equation X2+ x (a+2)+1+a+b=0

3. If o, B are the roots of ax? + bx + ¢ =0 (a = 0) and o + §, B + & are the roots of,
Ax2 + Bx + C =0 (A = 0) for some constant , then
(A)S:i E_E (B) 5:1 E_E
2\A a 2la A
c b? —4ac _B? - 4AC b b? +4ac _ B? + 4AC
(©) a2 - A2 (D) a2 - A2

VRN If one root of the equation 4x2 +2x—1=0is ‘o, then
-1+ \/g
4

1+\/§
4

(C) other root is 40 — 3a. (D) other root is 40 + 3a

(A) a can be equal to (B) a can be equal to
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5. If a, B are roots of x2 + 3x + 1 = 0, then
A)(T-)(7-B)=0 B)2-o)(2-p)=11
2 2 2 2
©c - B 5 O || +[-P)|=18
3a+1 3p+1 1+B a+1
6. If both roots of x2 — 32x + ¢ = 0 are prime numbers then possible values of ¢ are
(A) 60 (B) 87 (C) 247 (D) 231

7.5 Letf(x) =x2—a(x+1)—b=0,a,be R-{0},a+b=0.If a and B are roots of equation f(x) = 0, then

the value of 5 1 +— 1 - is equal to
a‘-an B -aB a+b
a) a°
(A)O B)f@+a+b C©f(b)y+a+b (D) f[zj+7+a+b
8.x= If f(x) is a polynomial of degree three with leading coefficient 1 such that f(1) = 1, f(2) = 4, f(3) = 9, then
8

6 6
A) f(4) = 22 B) fl=|=|—=
(M) f4) (B) ( 5} [ 5]

(C) f(x) = x3 holds for exactly two values of x. (D) f(x) = 0 has a root in interval (0, 1).

9. Let P(x) = x32 — x25 + x18 — x11 + x4 — x3 + 1. Which of the following are CORRECT ?
(A) Number of real roots of P(x) = 0 are zero.
(B) Number of imaginary roots of P(x) = 0 are 32.
(C) Number of negative roots of P(x) = 0 are zero.
(D) Number of imaginary roots of P(x) + P(-x) = 0 are 32.

10. If a, B are the real and distinct roots of x> + px + g = 0 and o, p* are the roots of x> — rx + s = 0, then the
equation x? — 4gx + 22 —r = 0 has always (given a = —)
(A) two real roots (B) two negative roots
(C) two positive roots (D) one positive root and one negative root
11. X2+ x + 1is afactor of ax® + bx? + cx + d = 0, then the real root of above equation is
(a,b,c,d eR)
(A) —d/a (B) d/a (C) (b—a)la (D) (a—b)/a

12» If—5+iB, -5 +iy (where B2=#v2; B,y € R and i2 = -1) are roots of x3 + 15x? + cx + 860 =0, ¢ € R, then
(A)c=222
(B) all the three roots are imaginary
(C) two roots are imaginary but not complex conjugate of each other.

(D)-5+7i J§ —5-7i \/§ are imaginary roots.

13. Letf(x) =ax2+bx+c>0, VX e Rorf(x) <0, Vx e R. Which of the following is/are CORRECT ?

(A)Ifat+b+c>0thenf(x)>0,vVxeR (B)lfa+c<bthenf(x)<0,VxeR
(C)Ifa+4c>2bthenf(x)<0,VxeR (D) ac > 0.

14. Let X; <a <P <y <X, X <X, <X If f(X) is a cubic polynomial with real coefficients such that
(f(a))? + (F(B))? + (f())? = 0, f(xy) f(x,) <0, f(x,) f(x3) < 0 and f(x,) f(x3) > 0 then which of the following are
CORRECT ?

(A) o € (X1, X,), B € (X, Xg) and y € (Xg, X,) (B) o € (X1, X3), B, ¥ € (X3, X4)
(C) a, B e (X4, %) and y € (x4, ) (D) o € (X3, X3), P € (X,, X5) and y € (X,, X,)
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15. If f(x) is cubic polynomial with real coefficients, o < <y and x, < x, be such that (o) = f(B) = f(y) =

' (x,) = f' (x,) = 0 then possible graph of y = f(x) is (assuming y-axis vertical)

Q

AN B4 x
© “\\f/g/;\< x ©) \X\B/ \Y x
: 2 o ! X, N\
16.  Letf(x)= —— + -2 +->_ thenf(x) = 0 has
XxX-2 x-3 x-4

(A) exactly one real root in (2, 3) (B) exactly one real root in (3, 4)

(C) 3 different roots (D) atleast one negative root
17. If the quadratic equations ax? + bx +c=0(a, b, c € R, a= 0) and x> + 4x + 5 = 0 have a common root,

then a, b, ¢ must satisfy the relations:

(A)a>b>c (Bya<b<c

(C)a=k;b=4k;c=5k (k e R, k=0) (D) b? — 4ac is negative.

18.=  If the quadratic equations x? + abx + ¢ = 0 and x? + acx + b = 0 have a common root, then the equation
containing their other roots is/are :

(A)x*+a(+c)x—ahbc=0 B)yx*—a(b+c)x+athbc=0
Cab+c)x2—(b+c)x+abc=0 (D)a(b+c)x*+(b+c)x—abc=0
19. Consider the following statements.
S;: The equation 2x? + 3x + 1 = 0 has irrational roots.
S,: If a< b <c <d, then the roots of the equation (x —a) (x—c) + 2 (x —b) (x — d) = 0 are real and
distinct.
S;: If X2+ 3x + 5 =0 and ax? + bx + ¢ = 0 have a common root and a, b, ¢ € N, then the minimum
value of (a + b + ¢) is 10.
S,: The value of the biquadratic expression x* — 8x3 + 18x? - 8x + 2, when x =2 + J§ , is 1
Which of the following are CORRECT ?
(A) S, and S, are true. (B) S, and S, are false.
(C) S, and S, are true. (D) S;and S, are false.
20. If the equations X2+ ax+12=0, x2+bx+15=0 & x2+ (a + b)x + 36 = 0 have a common positive
root, then which of the following are true ?
(A) ab =56 (B) common positive root is 3
(C) sum of uncommon roots is 21. (D) a+ b =15.

21l Ifx2+2Ax+1=0,A e (-2, 2) and 4x3 + 3x + 2c = 0 have common root then ¢ + A can be

1 1 3
A 2 ® -7 ©0 ©) 5

22 .  Let quadratic equation p(x) = 0 (where p(x) = x? + bx + ¢) and equation p(p(p(x))) = 0 has a common
root, then which of the following statement is/are correct.
(A)Ifb,c e R,thenb?-4c>0
(B) If P(0) =1, thenp(1) =0
(C) equations p(p(p(x))) = 0 and p(p(p(p(p(x))))) = 0 has at least two common root.
(D) zero is root of equation p(p(p(p(p(p(x)))))) = 0
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PART - IV : COMPREHENSION

Comprehension # 1 (Q. No. 1 & 2)
If X, y € R then some problems can be solved by direct observing extreme cases

e.g. () (x—=3)2+ (y—2)?=0 s possible only forx =3 andy = 2
(iifx>3,y>2andxy<6thenx=3&y=2

1= The least value of expression x2 + 2xy + 2y?+4y + 7 is:

(A1 (B)2 ©)3 (D) 4

2.5 Let P(x) = 4x? + 6x + 4 and Q(y) = 4y? — 12y + 25. If x, y satisfy equation P(x).Q(y) = 28, then the value
of 11y — 26x is -
(A) 6 (B) 36 (C)8 (D) 42

Comprehension # 2 (Q. No. 3 & 4)

In the given figure AOBC is an isosceles right triangle in which AC is a median, then answer the

following questions :
/\Y

[¢)
3. Roots of y = 0 are
(A) {2, 1} (B){4, 2} (©) {1, 1/2} (D) {8, 4}
4, The equation whose roots are (o + ) & (a0 — B), where o, B (o > ) are roots obtained in previous
question, is
(A)x2—4x+3=0 (B)x>2—8x+12=0 (C)4x2—-8x+3=0 (D) x2—16x +48 =0

Comprehension # 3 (Q. No.5to 7)

Consider the equation x* — Ax2 + 9 = 0. This can be solved by substituting x2 = t such equations are
called as pseudo quadratic equations.

5. If the equation has four real and distinct roots, then A lies in the interval

(A) (=0, =6) U (6, )  (B) (0, =) (C) (6, ) (D) (=o0, -6)
6. If the equation has no real root, then A lies in the interval

(A) (==, 0) (B) (==, 6) (C) (6, ) (D) (0, )
7. If the equation has only two real roots, then set of values of A is

(A) (=0, —6) (B) (-6. 6) (C) {6} (D) ¢

Comprehension # 4 (Q. No. 8 to 10)

To solve equation of type,

ax2m + phx2m-1 + cx2m-2 4+ ... + kXM + +cx2+bx+a=0, (@=0) — ()
divide by x™ and rearrange terms to obtain
a(xm+ximj+b [xm1+Xn}lJ+c [szJFXmlz) +on, +k=0
Substitutions like
t=x+ % or t=x —% helps transforming equation into a reduced degree equation.
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8.:
(A) 2+ 3,32
(C)3+ 2,322

9=

3+.5

2

3+.5
2 1

1+i/3

2
3ti
2

(A1,

© 1,

10.» Roots of equation x8 — 4x* + 4x2 -1 =0 are

145 -1+.5
2 1

2
1+ 5
2 1

(A)£1,

~1+45

C) %1, :

Roots of equation x5 — 5x* + 9x3 — 9x2 + 5x — 1 =

Roots of equation x* — 10x3 + 26x2 — 10x + 1 = 0 are

(B)2++3 ,3:£22
(D)8 ++/3 ,3+42

0 are
@1, SEW 35
2 2
)1, 5+43 | 1+i/3
2 2
B)1, 1J_r\/§’ 1+i5
2 2
D) +1, _“2‘/5 , _“2"/5 .

N
J

w Marked questions are recommended for Revision.

* Marked Questions may have more than one correct option.

PART - | : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

1. Let p and g be real numbers such that p # 0, p® # q and p® # — g. If o and  are nonzero complex

numbers satisfying a + B = — p and o® + 2 = g, then a quadratic equation having %and

is
A) PP+ x*—(p*+2q)x+ (p*+q) =0
(C) (PP—a) x* = (5p*—2q)x + (p*—q) =0

2.
a;p — 2ag is
2a4
A1 (B) 2
3. A value of b for which the equations
x2+bx-1=0
x2+x+b=0
have one root in common is
(A) -2 (B)-i/3
4,
p(p(x)) = 0 has
(A) only purely imaginary roots
(C) two real and two purely imaginary roots
5*,

p

(04

[IT-JEE 2010, Paper-1, (3, =1)/ 84]
(B) (p°+ ) x*—(p*—2q)x + (p*+ ) =0
(D) (p*—q) x* = (5p° + 20)x + (p*—q) = 0

as its roots

Let o and B be the roots of x2 — 6x — 2 = 0, with a > B . If a, = a" — B~ for n > 1, then the value of

[IT-JEE 2011, Paper-1, (3, -1), 80]
(©)3 (D) 4
[IT-JEE 2011, Paper-2, (3, -1), 80]

€)iv5 D) 2

The quadratic equation p(x) = 0 with real coefficients has purely imaginary roots. Then the equation

[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
(B) all real roots
(D) neither real nor purely imaginary roots

Let S be the set of all non-zero real numbers o such that the quadratic equation ax? — x + o = 0 has two

distinct real roots x, and x, satisfying the inequality |[x, — x,| < 1. Which of the following intervals is(are) a

subset(s) of S ?

MESUED

[JEE (Advanced) 2015, P-2 (4, —2)/ 80]

ofg) okt
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6. Let —g< 0 < —% . Suppose o, and 3, are the roots of the equation x2—2xsec 6 +1 =0 and a,and B,

are the roots of the equation x2 + 2xtan -1 =0. If o, > B, and a,, > B,, then o, + B, equals
[JEE (Advanced) 2016, Paper-1, (3, -1)/62]
(A) 2(secH —tan 0) (B) 2sec 6 (C)-2tan 6 (D) O

Comprehension (Q-7 & 8)

Let p, g be integers and let a, B be the roots of the equation, x> — x — 1 = 0 where o = .
Forn=0,1,2,...., letan = pa" + qp".

FACT : If aand b are rational numbersanda + b \/_ =0,thena=0=h.

7. a2 = [JEE(Advanced) 2017, Paper-2,(3, 0)/61]
(A) a1 + 2a10 (B) 2a11 + aio (C) a1 — awo (D) a11 + a0
8. If a4 = 28, then p + 2q = [JEE(Advanced) 2017, Paper-2,(3, 0)/61]
(A) 14 B) 7 (C)21 (D) 12
9*, Let o and B be the roots of x> —x — 1 = 0 with o > 3. For all postive integers n. define
n_ nn
an = o =P ,n>1
a-p
bi=landbn=an1+an+1,n>2
the which of the follwing options is/are correct ? [JEE(Advanced) 2019, Paper-1,(4, -1)/62]
— a 10
1 = 2)bn=o"+B"foralln>1
()nZ;lon ™ (2) bn=on +
— b, 8
(3)ai+az+...an=an+2—-1foralln=1 @ > —=—
~10" 89

PART - 1l : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

1. Sachin and Rahul attempted to solve a quadratic equaiton. Sachin made a mistake in writing down the
constant term and ended up in roots (4, 3). Rahul made a mistake in writing down coefficient of x to get
roots (3, 2). The correct roots of equation are : [AIEEE- 2011, 11, (4, -1), 120]
(1)6,1 (2)4,3 (3)-6,-1 4)—4,-3

2. Letfor a=a, #0, f(x) =ax? + bx +c, g(x) = a,;x? + b;x + ¢, and p(x) = f(x) — g(x). If p(x) = 0 only for

= -1 and p(-2) = 2, then the value of p(2) is : [AIEEE- 2011, 11, (4, -1), 120]

Q)3 (2)9 (3)6 (4) 18

3. The equation es™ — es™—4 =0 has : [AIEEE- 2012 (4, -1), 120]
(1) infinite number of real roots (2) no real roots
(3) exactly one real root (4) exactly four real roots

4, If the equations x2 + 2x + 3=0and ax?* + bx + ¢ =0, a,b,c € R, have a common root, thena:b:cis

[AIEEE - 2013, (4, -1), 120]

11:2:3 (2) 3:2:1 (3) 1:3:2 (4)3:1:2

5. If a € R and the equation — 3(x —[x])? + 2 (x — [X]) + @2 = 0 (where [x] denotes the greatest integer < x)

has no intgeral solution, then all possible values of a lie in the interval :
[JEE(Main) 2014, (4, - 1), 120]
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7.5

9=

10.

11.

12.

13.

14.

15.

Let o and B be the roots of equation px?+ gx+r=0, p=0. If p, q ,r are in the A.P. and 1+%: 4, then

(04
the value of |a — B| is : [JEE(Main) 2014, (4, - 1), 120]
J34 2|13 J61 2\17

1) — 2) —— @) 4) ——

9 9 9 9
Let o and B be the roots of equation x2 — 6x — 2 = 0. If a, = a" — p", for n > 1, then the value of
210 ;Zag is equal to ; [JEE(Main) 2015, (4, - 1), 120]

9
(1)6 (2)-6 (33 (4)-3
The number of all possible positive integral values of a for which the roots of the quadratic equation,
6x2 — 11x + o = 0 are rational numbers is : [JEE(Main) 2019, Online (09-01-19),P-2 (4, — 1), 120]
(13 (2) 4 (3)5 4) 2

If A be the ratio of the roots of the quadratic equation in x, 3m2x2 + m(m — 4)x + 2 = 0, then the least

value of m for which A + %: 1,is: [JEE(Main) 2019, Online (12-01-19),P-1 (4, - 1), 120]
(1)-2+ 2 (2)4-3+2 (3)2-3 (4)4-23

n
If o and B be the roots of the equation x>-— 2x + 2 =0, then the least value of n for which [gj =1is:

[JEE(Main) 2019, Online (08-04-19),P-1 (4, — 1), 120]
(13 (2) 4 (3)2 (4)5

If o and B are the roots of the equation 375x2 — 25x — 2 = 0, then

n n
lim > a" lim > B" is equal to : [JEE(Main) 2019, Online (12-04-19),P-1 (4, — 1), 120]
N—o0 1 nN—o0 =
29 21 7 1
1) == Y 4 3) — 4) —
@) 358 @ 316 ®) 116 @ 1

If a, B and y are three consecutive terms of a non-constant G.P. such that the equations
ax? + 2Bx +y=0and x? + x — 1 = 0 have a common root, then a(B + y) is equal to -
[JEE(Main) 2019, Online (12-04-19),P-2 (4, — 1), 120]

(1o (2) oy (3) By (4) ap

Let a and B be the roots of the equation x2 —x — 1 = 0. If pk = () + (B)X, k > 1, then which of the
following statements is not true? [JEE(Main) 2020, Online (07-01-20),P-2 (4, -1), 120]
(1) ps = p2.ps (2) (P2 + p2 + ps + pa + ps) = 26

(3) p3=ps—pa (4) ps =11

The number of real roots of the equation, e** + e —4e>* +eX+ 1 =01s:
[JEE(Main) 2020, Online (09-01-20),P-1 (4, -1), 120]
(13 21 (3)4 4)2

Let a, beR, a # 0 be such that the equation, ax?> —2bx + 5 = 0 has a repeated root a, which is also a root
of the equation, x? —2bx —10 = 0. If B is the other root of this equation, then o? +32 is equal to:

[JEE(Main) 2020, Online (09-01-20),P-2 (4, -1), 120]
(1) 25 (2) 26 (3) 24 (4) 28

/\
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EXERCISE - 1
PART - |
Section (A) :
A-1.  a=2: No real value of x. A2, (i)- % (i) - %
A-3. (Jacx2+b(@a+c)x+(a+c)2=0 (i) a2 x2 + (2ac —4a2—-b2) x + 2b2 + (c —2a)2=0
A-4. 3x2—-19x +3=0. A-5. 8,3
A6. ()4 (i) 72 (i) 2
A-7. y=oa?Band s =ap? or y=af?and &= a2B
A-10. 2 A-11. 11
Section (B):
3
B-2. —@
r
B-3. (i) roots are 3,5,_—5@:45 or —1,—l§ , A ==25
4 2 3 2 12
(ii) roots are _——E_—S A =121
2 3
1 1
B-4. x3 —15x2+ 67x— 77 =0. B-5 -3 B-6. E , E ,—6
Section (C):
C-1. (-4,7) C-3. 3+242
c-7. () 4, —2+i53 (i) 3or4 C8 —1++2,-1++1
y
1/3
C9. =7 / o N_172 X, Two positive roots.
Section (D) :
y\ y IN
17

(0,3) (T'E]

D-1. (i) / (ii) 0,1) (iii) L > x
] 5 s K
3 o X P X
1 (— - Oj
(-2,1) 3
D-2. (i) (=0, 4] (i) (2, 6] (iii) (3, 6)
D3 (i) B g} (i) (—oo , ‘?4} U@, ®) D4 (—oo, _%]
D-5. (i) a>1 (i) aeg.
Section (E) :
E-2. Ke(-2,3 E3 aec(-22) E-4. ae(l,5) {3} E-5. 6<K<6.75
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3

30

(i) /\03

Section (F) :
F-2. a=0,24 F-3.
f(x)=2x" + 9x* —24x + 15
F-5. 0]
/ -4 ¢

F-6. (i) ke[-2,2]

(ii) ke(=0,-2) U (2, )

Section (A) :
A-l. (B) A2 (C)

Section (B):

B-1. (C) B-2. (O
Section (C):

c-1. (B) c-2. (O
Section (D) :

D-1. (B) D-2. (B)
D-8. (D)

Section (E) :

E-1. (D) E-2. (B)
Section (F) :

F-1. (A F-2.  (C)

A-3.

B-3.

C-3.

D-3.

E-3.

F-3.

x SRV

f(x)==3x" + 4x* + 12x° =2

PART -1l

(A) A4 (C) A5 (A

B B4 (A) B (O

(A) C4. (A) C5 (A C6. (O

B D4 (B) D5 (A) D6 (C) D7. (C)

(D) E4. (D)

(A) F-4. ©) F-5. (D)
PART - 11l

(A) = (), (B) = (p), (C) = (@), (D) — (s)
(A—r1); (B—>p,a.,s); (C—s) (D—pa,r)
(A)g,s,t (B)p,t (C)r(D)q,s.

EXERCISE - 2
PART -1
1. B) 2. (B) 3. D) 4. (B) 5. (A) 6. @ 7. A)
8. B) o9 (A) 10. ((@O) 11. (B 12. (B) 13. (A 14. (C)
PART - 1l
1. 29.00 2. 08.00 3. 01.00 4. 68.13 5. 01.12 6. 13.20 7. 13.00
8. 39.30 0. 01.00 10. 0225 11. 11.33 12. 3200 13. 01.00 14.  09.00
15. 0100 16. 0350 17.  08.12
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PART -1l
1. (ACD) 2. (BCD) 3. (BC) 4. (AC) 5. (BCD 6. (BC) 7.(ABD)
8. (ABCD) 9. (ABCD) 10. (AD)  11. (AD) 12 (AD)  13. (ABD) 14. (AD)
15. (AC) 16. (AB)  17. (CD) 18. (BD) 19. (AB)  20. (ABC) 21.(AB)
22. (ABCD)

PART - IV
1. © 2 (B) 3. A 4 (A) 5. (C) . | 7. (D)
8. (B) 9. (A) 10. (C)

EXERCISE - 3

PART - |
1. B) 2 c 3. (B) 4. (D) 5. (A, D) 6. (C)
7. (D) 8. (D) o*, (A,B,C)

PART - Il
1. (1) 2. (4) 3. 2) 4. (1) 5. (3) 6. 2) 7. (3)
8. (1) 9. ) 10. (2 1. Q) 12. (3 3. (1 14. (2
15. 1)
/\ Resonance(D Website: www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005 \

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029



mailto:contact@resonance.ac.in

Quadratic Equation,” ﬂ_

- High Level Problems (HLP)

1. Find the number of values of x satisfying the relation
j-1 n n-1
H(x w) |l TTx=ed] Jx-ew) [Tox-o)
o Z J_'ll = '+l of |+ = ol —x3 =0 (where n > 5).
H(a1 o) | 2 H(a a>1‘[(a -a) (CAD)
i=j+1 i=1
2. Prove that roots of a2x2 + (b2 + a2 — c2) x + b2 =0 are not real, if a+ b > c and la-Db| <c.

(where a, b, c are positive real numbers)

3. Solve the inequality, 1 __4 + 4 1 <i.
x-1 x-2 x-3 x-4 30

4, If three real and distinct numbers a, b, c are in G.P. (i.e., b2 =ac) and a + b + ¢ = x b, then prove that x
<-1lor x>3.

5. If V.= a"+ B", where a, B are roots of equation x> + x —1 = 0. Then prove that V_ +V . =2V_, and
hence evaluate V, (n is a whole number)
6. Find all ‘m’ for which f (x) = x2 — (m — 3) x + m > 0 for all values of ‘X’ in [1, 2].
7. Find the values of a, for which the quadratic expression ax? + (a — 2) x — 2 is negative for exactly two
integral values of x.
1) 1
8. Find the number of real roots of [x +—j + (x 4 ;j =0
X
9. If a, p are roots of the equation x? — 34x + 1 = 0, evaluate i‘/_ - (‘/ﬁ , Where «4/ . denotes the principal
value.
10. Find the values of 'a’ for which the equation
2 2
(x2 XA+ 2) —(a—3)(x2 XA+ 2)(x2 +X +1)+ (a—4)(x2 +X +1) =0 has atleast one real root.
11. Show that the quadratic equation x> + 7x — 14(g? + 1) = 0 where g is an integer, has no integral roots.
12. Find the integral values of 'a’ for which the equation x* —(az —5a+ 6)x2 —(az -3a+ 2) =0 has only
real roots.
13. If o, B; B,y and v, o are the roots of ax? +bx+¢; = 0;i=1, 2, 3 then show that

(a+B+y) + (o+ By+oy) + ofy =+ {ﬁ(MJ}%l

i=1 4
14. Suppose that a, > a, >a, > a, >a, >a, and
p = a,+a,+a,+a,+a;+a,
q = a,a,+a,a,+a.a, +a,a,+a,a,+aga,
r = a,a,a; +a,a,a, ,

then show that roots of the equation 2x® — px? + gx — r = 0 are real.
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15. If B+ cos?a, B+ sin?a are the roots of x2 + 2bx + ¢ = 0 and y + cos*a, y+ sin*a. are the roots of
X2+ 2BX + C =0, then prove that b2—B2=c - C.

16. Find the set of values of 'a' if (x2 + x)2+ a (X2 + x) + 4 =0 has
(i) all four real & distinct roots.
(ii) four roots in which only two roots are real and distinct.
(iii) all four imaginary roots.
(iv) four real roots in which only two are equal.

17. f(x) = x2 + bx + ¢, where b,c € R, if f(x) is a factor of both x* + 6x? + 25 and 3x* + 4x? + 28x + 5 then find
f(x).
18. Let ax* + bx® + x2 +(3—a) x + 3 = 0 and x? + (2—-a) x + 3 = 0 have common roots. If ae(-1,5) then find
|a+12b|
19. How many quadratic equations are there which are unchanged by squaring their roots ?
20. Let P(x) = x5 + x2 + 1 have zeros a,, o, a4, 0o, a5 and Q(x) = x? — 2, then find
5 5 5
0 []o) (i) D" Qley) (i) D D Qay) Aay) V) D Q%)
i=1 i=1 1<i<j<5 i=1
21. If a, b, c are non—zero, unequal rational numbers then prove that the roots of the equation

(abc?)x2 + 3a2 cx + b2 cx — 6a2 — ab + 2b2 = 0 are rational.

22. If a, b, c represents sides of a A then prove that equation x2 — (a2 + b? + c?)x + a?b? + b2c? + c?2a? = 0 has
imaginary roots.

23. If x, is a root of ax? + bx + ¢ = 0, x, is a root of —ax? + bx + ¢ = 0 where 0 < x, < X,, show that the
equation ax? + 2 bx + 2¢c = 0 has a root x, satisfying 0 < x; < X3 < X,.

24, Find the number of positive real roots of x* —4x—1 = 0.
25. If (1 + k) tan>x —4 tan x — 1 + k = 0 has real roots tan x, and tan x,, where tan x, # tan x,, then find k.
26. Let A? be the discriminant and o, B be the roots of the equation ax?* + bx + ¢ = 0. Then

find equation whose roots are 2aa + A and 2a § — A.

n° e” " +e°
27. Prove that + + = Ohas one real root in (e, ©) and other in (x, & + €).
X—€e X-m X-m—e¢

28. If o, B2 are integers, B2 is non-zero multiple of 3 and o + i, — 2a are roots of x3 + ax2 + bx — 316 = 0,
a, b, p e R, thenfind a, b.

29. Let polynomial f(x) = ax* + bx® + cx? + dx + e have integral coefficient (where a > 0) If there exist four
distinct integer ou, oz, a3, o4 (o1 < o2 < oz < a4) such that f(oa) = f(o2) = f(as) = f(as) = 5 and equation
f(x) = 9 has atleast one integeral roots then find

0 f(alJronz Za3+a4j (i f,(al+a2;a3+a4J

(iii) Range of f(x) in [o.2, a3]

(iv) Difference of largest and smallest root of equation f(x) =9
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n/\m

30.

3lx

32_.

12.

16.

17.
20.
24,
26.
28.
29.
30.

If x and y both are non-negative integral values for which (xy — 7)2 = x2 + y2, then find the sum of all

possible values of x.

Find the set of all real values of A such that the root of the equation
X2+ 2(a+b+c)x+ 3\ (ab + bc + ca) = 0 are always real for any choice of a, b, ¢ (where a, b, ¢

represents sides of scalene triangle).
4 4 15 4 5
®[3) @[5 ) 53] ®[5 3

Let P(x) = x2 + bx + c¢(b, ¢ € R), then which of the following statement implies that P(P(x)) = 0 has

atleast one negative root.

(A) P(x) = 0 has root of opposite sign (B) P(x) = 0 has both roots positive
2
: b? b?
(C) P(x) = 0 has both roots negative (D) [c _TJ + b(c _Tj +c<0 &b>0

Infinite 3. (0, —2) U (-1, 1) U (2, 3) U (4, 6) U (7, )
-29 6. (- o, 10)
[1,2) 8. 0
+2 10. 5<a SB
3
ae{l 2}
()a e (-, —4) (iya e (6745 oo) (i) a [—4, %J (iviaed
X2—2x+5 18. 3 19. 4
(i) —23 (i) —10 (iii) 40 (iv) 20

1 25, (—Jg, —1) U (—1 J%)

xX2+2bx+b2=0o0rx2+2bx—-3b2+16ac=0

a=0 b=63
M9 ()0 (i[5, 9] (iv) 2\5
14 31. (A) 32. (AD)

/\
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I HINTS s soulnous_

TOPIC : QUADRATIC EQUATION

EXERCISE # 1

PART-1
A-l. a?-a-2=0,a2-4=0,a?-3a+2=0=a=2,-1landa=*2anda=1,2=a=2
Now (x2+x+1)a2—(x2+3)a—-(2x* +4x—2) =0 will be an identity if x* +x+1=0&Xx?*+3 =0
& 2x? + 4x — 2 = 0 which is not possible.

2 2 2
. -3 -7 ) o, B _a’+p 7
A-2. (i 24 B2=(a+pP2—-20p=| —=| —2(2)=— i —+ L =="F =__
(i) o + B2 = (o + B)? - 20 [2) @)= (ii) o ob 5
A3 a+p=—"andap=S
a a
(|) o+ 1+B+£=0‘+B+ OL+B = __b+ —b/a :_(EJ’_EJ :_bw
o of a cla a ¢ ac
2
and a+— [3+ =aB+i+2=E+ i+2=M
B op a c ac
equation whose roots are o +% and B + g is
(04
1 1
a+BB+—:>acx2+b(a+c)x+(a+c)2:0
(04
) _ _ b*> 2ac , , 4a’+b®-2ac
(ii) o +2+B+2=(a+ByP-20p+4 = - —(F+4=— ———
a a a
2 2
and (o2 +2) (B +2) = ape+ 2(a2 + pr) + 4 = &+ 20229
a

.. equation whose roots are o> + 2 & 2 + 2 is
a2 x?+ (2ac — b2 —4a?)x + 2b2 + 4a2 + c2—4ac =0
= a?x?+ (2ac — b?—4a?)x + 2b?* + (2a—c)?=0

A-4. giveno?=5a—-3andfp2=53-3

= o & B are the roots of x*—5x +3 =0
2 2
E+E: ¥ +B = 25_6:Eandg_E:1
B« of 3 3 B a

equation have %, asitsrootsis 3x2—19x +3=0

Q |=

o

A-5. x2+px+q=0<B =p=-11,q=24

then correct equation will be X2 —=11x +24 =0
—11x +24=0
= x-8)(x-3)=0 =x=3,8

A-6. (i) E=2x3+2x2—7X + 72
3 +5i

Given, x =

= 2x —3 =5i

= 4x2+9-12x=-25

= 4x2 - 12x+34=0

= 2x2—6x+17=0....... 0]
Given expression can be written as
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E=(2x2-6x+17) (x+4)+4=4 (using (i)
(||) X+l :_‘15:>X2+X+1:E:>X2+X:E:>X2+X:Z
2 2 4 4 4 2

23+ 22— TIX+72=2X (X2 + X) = 7X + 72 = 2X [%j —TIX+T72=TXx—-Tx+72=72.

iy 2=y = y2+22y—32=0 = y2+8y—4y—32=0
= y=4=2x 2*# -8 = X =2.
AT, ax2+bx+c:O<a = a+p=-2 o =S
B a
/Y
Leta3x2+(abc)x+c3:0\8
Y+5:_¥: (_E][Ej:(“B)(G+B)=a25+aﬁz v ()
a a a
c 3
v6:(5j = (aB)° = (02) (42 (i)

From (i) and (ii) we can say that y = a?B and § = ap2 and y = a2 and § = o2

A-8x= a+B=p,af=9 = (a=2)B+2)=r = ofp+20—-2—-4-=r
g+2a—-B)—4=r = 20-2B=r+4—-q = 20+ 2 =2p
do=r+4-q+2p = 4B=2p-(r+4-0q) = 16af = 4p2 — (r + 4 — )2
16q + (r + 4 — g)? = 4p2.

1 1 n
c C \n+1 b C \n+1 C \n+l b
A9xm o.a"=—=a=|— Sata"=——=|— + | — =——
a a a a a a

L1 1 n n n 1 1 n

= L 1- VLA i e L

a n+1 . Cn+1 +cn+l. a n+1 +b=0:>an+l . cn+l +an+1_ Cn+1 +b=0
1 1

(a“ c)“+1 +(a c“)”+1+b=0 Proved.

S:M:_l = 2a+3=a+1 = a:_z;p:ﬁ:ﬂzz
a+l a+l -2+1

A-10.

A-11. 2x2+6x+a=0

-+ Its roots are a, p = a+B=—3&aB:%+E<2
o
2
N (o +PB) —2a[3<2 N Q—a<1
af a
2a—9>0 = a e (—o, O)U(%, oo) = 2a =11 is least prime.
a

B-1. Let 3rd root be y then afy =—r But off =—1 (given) = y=r
substituting x = y =r in the given equation we get r2+pr+q+1=0.

% 1 1 1
- 3 2 ji - _ _ _ _
B2 xiapx +qX+r\§ Zobr=or= (a BVMB va] (y aﬁj

3
(o))

r r r
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B-3.= (i) Let roots be a, 2(1,[3330L+B:E,2(12+3(1B:ﬂ,ZQZB:i :>B:l—3(x
24 24 24 12
202+ 30 | —3a| =22t = 202+ 1% _ge2="21 =7 10 21
12 8 4 8 4 8
2-%_3 -0  82-20-3=0= o= or—t
4 8 4 2
a=2 :>rootsare§,§,_—5andxz45:> 0=
4 4 2 3 2
:rootsare;l,—léandk:—ZS
2 12
(i) a, B, v be roots.
aty=28 (1) : atpry=S% @)
18
-60
= — . 3
afy T 3)
-3 .
(1),(2)=>B:?PU“”(1), 3)
20
= aty=-3 = ay:?
20
3+ /9—4-1-

20 & 9 _-5 -4
X2—(=3)x+ — =0 = X = = =
=3 9 <Y 2 3 3

4 -3 -5
roots are —, —, —.
3 2 3

B-4. o3 —602+10a—-3=0.

3 2

x-1 4 (x=2° 6(x-1
8 4

(x®—3x2+3x—1)—12 (x2—2x+1)+40(x—1)—24 =0 =>x3— 15x2 + 67x — 77 = 0.

Letx = 2a + 1 new root a = +5(x—-1)-3=0
%
B-5.m 2x3+x2-7=0<5:> a+P+y==1/2,> ap=0, apy=7/2

o Bl_fe B} B v, ¥y, o_1 1 1
Z(B-'—a] [B+a]+y+ﬁ+a+y B(a+v)+a(B+Y)+Y(a+B)

- 1[_1_3}1(_1_&} +1[_1_yj=_1(1+1+1J C1o1-1=- 1(2&%}_3:_3
B\ 2 al\ 2 Y 2 2la B vy 2  afy

B-6. Letroots be a, o and

oc+oc+[3=—% = 20+B=-5 L. (2)
a.a+a[3+ot[3=—§ = a2+2a[3=—£ ............. (2)
4 4
6 3
and PB=——=—— 3
e ®3)
. . 23
from equation (1) put B = -5 - 2a in (2), we get o2 + 20 (—5—2(1):—7
23
= 1202 + 4000 —23 =0 o =1/2, Y
. 1
0) Ifoczz then from (1), wegetp=-6
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n/\m

Quadratic Equation ”

(i)  Hfo=- %

then from (1), we getp :g

23

Note : o :%and B =— 6 also satisfy (3) but o = 5 and B :g does not satisfy (3)

required roots are 1 l , —6
2 2

C-1. 2+i+3and 2-i 3 aretheroots of x2+px+q=0
= -p=4=p=-4&Qq=17.
C-2. x?-2cx+ab=0 hasroots real and unequal i.e.D; >0=4c?2 —4ab>0 = ¢? —ab> 0 ........ 1)
Now, x2—-2(@+b)x+(@2+b%2+2c?)=0
= D, =4(a+b)? -4 (a? + b2 + 2¢2) = -8 (c? — ab)
by (1) D, < 0 roots will be imaginary.
C-3. D:0:>(k+1)2—8k:0:>k2+1—6k:0:k:Gi— ‘“;’6_4z>k:312\5.
C-4 D=0 =4(b*-ac)®> =4 (a®=hc)(c2—ab)=0 = b(a®+ b3+ c>—=3abc)=0
= Either b = 0 or a® + b® + ¢® = 3abc.
C-5xm 1 + = + 1 =0 ..(1)
x—a x-b x-c
= X=b)x-c)+(x—-a)(x—c)+(x—a) (x—b)=0
= 3x?—2(@t+b+c)x+ab+bc+ac=0 ..(2)
D=4(a+b+c)>—12(ab + bc + ac) = 4[a?+ b?+ c2—ab — bc — ac]=2[(a — b)? + (b — c)? + (c — a)?]
D > 0 = roots are always real Butif a=b=c
1 1 1 3
Then + + =0=> =0
x—-a x-b x-c X—a
which has no real 'x'
= this equation cannot have rootsifa=b=c.a=b=c
1 1 1 =
C-6. + == x2+x(p+gq-2r)+ —pr—qr)=0
x+p)  (x+aQ) I (P +q )+ (pq —pr—ar) N
oa+(-a)=—(p+g-2r)=0=>p+qg=2r
2
&Product of roots = pg —r(p + o) =pg —r (p + q) :pq—@ = _%(p2 +q°%)
C-7.a (i) Roots are — 2 + i, — 2 —if, y (say) ; Sum of roots (-2 +iB) + (-2—-iB)+y=0; y=4.
Sum of products taken two at a time.
A-2+iB)+4(-2—-iB)+(4+B) =63 ; —16+4 +p2=63 ; p2=75
B=15\/§.Rootsare4,—21i5\/§.
(i) Call roots as a, -1 +ip, 1 iB
2 2
—b
-1=— 1
o 5 (1)
-1 -1 1 3
— i + — 4+ += +p2== ... 2
o (Zew]ra[Zon] oL ep
a (1+sz:—_1 ........ (3)
2
(2):>1+[32=g+0c
: -1 -1
Put in (3) u(—+a]:? o(2a+3)=-1. = a=-1, —

fo=-1,3)=>b=4

oc:_—J': b=3
2
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Quadratic Equation,” ﬂ_

Putin(l)b=3o0r4

C-8. Given one root is =1 +1i
2" root will be =1 —i
x2 + 2x + 2 will be one factor of x* + 4x3 + 5x2 + 2x — 2 = 0 and x2 + 2x —1 will be another factor

The roots of given equation are -1 + ﬁ and -1 1.

C-9% y=(2x—1)(6x2+x — 1) = (2x =1)(2x + 1)(3x — 1). Hence roots are x = —%, % %
(0,1)
, /[
>0 _1 1\/1_
2 3 2
y\ YA IN
1 7
(0,3) (T'E]
D-1. (i) / (ii) 0,1) (iii) > X
- ] N S -1
3 1o X N X
=l (—— Oj
(-2,-1) 3
D-2. (i) Yy=X+2x+3=—-(X*-2x—-3)=—(x—=3) (x+1)
Here a<0 and D >0 = Range is (—», 4]
(i) fx) =x2 =2x+3 V xe[0, 3]
(1,4)
X
/(=1.0) 3,00 \
AY
(0,2) ye[2 6]V xe[0, 3]Ans.

(1,2)

Aliter :

fX)=x2=2x+3=(x—-1)2+2
Since0<x<3=-1<x-1<2 =0<(x-1)2<4
=52<(x-1)2+2<6=2<f(x)<6

.. Range of f(x) is [2, 6].

(iii) y=x2-4x+6; x € (0, 1]
Herea >0 and D<O

f(0)=6 = f(1) =3 =Clearlyforx € (0, 1] =y € [3, 6)

/\ Resonance® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Quadratic Equation,” ﬂ_

D-3. (i) (y=-1)x*-x+y-1=0
XxeR
D>0

—1-4y-12>20=>(1+2y-2)(1-2y+2)>0 = (2y-1) (2y-3)<0= %g y<

N | W

(i) y(x2—-2x—-9)=x2—-2x+9 = (Yy=-1D)x2-2(y-1)x—-(y+1)9=0
Ify=1=—(2) 9 = 0 contradiction.

y=1 D=0 = Gy+4)(y-1)=0
4 + — +
VB (_w,?}ua, ) R

D-4. We can see for x2—8x + 17
D=64-4(17)<0
X2 —8x + 17 is always +ve = If f(x) <0

kx?+2(k+1)x+(9k+4)<0= k<0 ... Q)
&  AK+1)P2—4KOKk+4)<0= k2+1+2k—0k?—4k<0=>—8k2—2k +1<0
8k2 +2k—1>0= 8Kk +4k— 2k — 1> 0 = 4k(2k + 1) = 1(2k + 1) > 0
+ - +
(2k + 1)(4k - 1) >0 _1}2 1/I4 ....... (2)
combining (1) & (2) we get ke[—oo, —%) 1) 2) ke(—oo, _%J

D-5xa (i) x2+(@a-b)x+(@1-a-b)=0

D>0

= (@—-b)2-4x1x(l—a-b)>0

= a?+b2-2ab-4+4a+4b>0
b2+2b(2-a)+(a2+4a-4)>0
42-a)2-4x1x(@+4a-4)<0

4+a2—-4a-a?-4a+4<0

= 8a—-8>0 = a>1

(i) (@=b)2-4-1-(1-a-b)<0
= b2+ (4-2ab+ @ +4a-4)<0,VbeR
as cofficient of b2 = 1, positive it in not possible.
aeo.

E-1. For both roots to exceed 3
() D>0 = 36a2-8+8a—-36a2=20=azx>1

N4
o7

3
. 11
(i) f8)>0=9-18a+2-2a+9a>>0= 9a?-20a+11>0= a € (—x, 1)u(3, oo)

(iii) _—b>3:>3a>3:>a>1 (i)m(ii)m(iii):a>1—1.
2a 9
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Quadratic Equation,” ﬂ_

E-2. Here for one root to exceed 2 and other to be smaller than 2, f(2) <0

= 4-2k-2+k2+k-8<0
= k2—-k-6<0
= -2<k<3.

E-3. Here coefficient of x2 is always positive

.

0 X
f(0) <0
= (@2+4)(@a-2)(a+2)<0
= ae(-2,2)
E-4= (i) D>0

432 —4(a2-1)>0
4>0 VxeR

(ii) f(2) f(4) < 0
(4-4a+a2-1)(16-8a+a2—1)<0
@a-3)2(@-1)(a-5<0
ae (1,5 —{3}

E-5» x2+2k-3)x+9=0 . ()
Roots a, B of equation (i) are distinct & lies between —6 and 1
D>0 = 4(K-3)2-36>0 = k(k—-6)>0
= ke(-w,0u(®6,o ... (i)

f1)>0=1+2(k-3)+9>0

= 2k+4>0

= ke(2,0 L. (iii)
f(-6)>0=>36-12(k-3)+9>0

= 4k -27<0 = ke [—oo, 2747] ...... (iv)
6 \_/ !I X
_6<_£<1:_6<M <1
2a 2
=-1<k-3<6 =2<k<9 .. (V)

(i) A (i) A (V) A (V) = K e(e, %j .

F-1= If o is one of the root of a, x> + b,x + ¢, = 0. Then 1 will be aroot of ax>+bx+c=0
a

= co?+ba+a=0&a0®+ba+c, =0have one common root.
. applying the condition for one common root we get (aa, —cc,)? = (bc, —ab,) (b,c —a,b)
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Quadratic Equation,” ﬂ_

F-2.

F-3.

F-5.=

F-6.=

n

Given equation are

x*-1lx+a=0 ... (i

x*—14x+2a=0 ... (ii)

Multiplying equation (i) by 2 and then subtracting, we getx?—8x=0=x=0, 8
If x=0, a=0

If x=8, a=24

ax? + bx + ¢ =0 = bx? + cx + a = 0 have a common root, say o

a? a 1

ac?+ba+c=0=> baz+ca+a=0= = 5= 5
ab-c bc-a* ac-b

2
, ab-c? bc-a® [ab-c? bc —a?
o =——, a= = = = (ab-c?) (ac —b?) = (bc — a?)?
ac —b? ac-b? |ac-b? ac—b?
3 3 3
= ad+bd+c® =3abc [-a=#0] o, A AbTHCT o A
abc

Aliter :

By observation, x = 1 is the common root
~at+t+b+c=0 .. a®+b?+c®=3abc or =3.

Let o is the common root hence o> +pa +q=0=0?+qa +p=0
2

L=t el S =(p+q), a=1 = -(p+Q)=1=p+q+l =0
p°—-q~ 9-P g-p
Let other roots be  and & then ot+tBf =—-p,of =g=>a+d=—Q, ad =p
p-5=q-p, 0= 5 P2 _OP_9P_GP_, 5.5.p=q
8 p ) p )
Equation having B, & as roots
X*—(B+3)x+ps=0 = xX*—(p+q)x+pg=0 = X* +x+pq =0[-p+q=-1]

f(x)=2x" + 9" —24x + 15

30

/425 * /\/\

f(x)==3x" + 4x* + 12x° -2

f(x) =x3—=3x2+2
f(x)=3x2—6x=3x(x-2)=0

f(0) = 2
f(2)=8-12+2=—2
() ke[-2,2]
(ii) ke(—0,—2) (2, )
™/
SRUE
o
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Quadratic Equation,” ﬂ_

PART - Il
A-1. x = lis root. Let other root = o
_ _a-b a-b
. Product of the roots =(1) (o) = —— = rootsare 1, ——
b-c b-c
A-2. at+tB=-p = af =g = y+é=—-p = Yo=—r
(0= (@-8) =c?—a(y+d) +yd=a*+pa-r=a(a+p)-—r=—af-r=—g-r=—(q+r
A-3. (a—-p)=4 = (a—pB)32=16 = (o + B —4ap =16
= 9-40p =16 = GB:—% = equation isx2—3x—£ =0
- 2 = A .. 2-_P ;
A-4. X2+ px+3 O\Q . ata 3 . (D)
oad=1, = a=1, o, o azl
o= ® Oro. = @? put is (i) p=3

oL
A-5. S : xX2—bx+c=0
1 <
" o —Bl=1 = (a—B)2=1 = b2—-4c=1.

S,: a+f=landof =3
ot + B4 = (0 + B2)? — 202 B2 =[(a0 + B)? — 2B — 2(af)? = (1 —6)2—2(9) =25-18=7
S,: Ya=7= ZoBf =16 = afy=12

Y’=(Za)—2 (2 ap)=49-32
a2+ B2+y2: 17

B-1. Let the roots be a, B, —p then at+tB-B=p

= oa=p ..(1) and ap—opf—-P2=q = B2=—q .(2)
also—ap?=r =pg=r [using (1)].
/(x
B2xw x*-x-1=0—8 theno®!—a—-1=0 ... 1)
\y
lra
1 4l “1) (y-1 e
Let i=y:> o =Y "> from equation (1) Yoo Y=ol 9.0 y+7y2—y+1 =0 =P
l-a y+1 y+1 y+1 \ﬂ
1=y
then 1+0L+1+B+1+Y=—7 Ans.
l-a 1-f 1-y
B-3.m Clearly(x—a) x=b)(X—c)=—(X—-a) X—B) (x=1)
. if o, B,y are the roots of given equation
then (x —a) (x—B) (x =) + d = 0 will have roots a, b, c.
ol +p°+y° 3apy _3b

B-4_. a+B+y=0 =

o> +pP+y. —2aB+Py+ya) 2a
B-5_ .= Letroots are o, —a, B, ythenp +y=2and —a? ( +vy) =-8

= ’=4 = ot2

= 24-2(2%)+a(2)?+8(2)+b=0

= 4a+b=-16
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Quadratic Equation,” ﬂ_

C-1. a+B=+3
\/§+2+B:\/§ =>B=-2

C-2. D,=b?-42c>0=b>—8c>0
D, = (b — 4c)? 4.2¢. (2¢ — b + 1) = b? + 16¢2 — 8bc — 16¢2 + 8bc — 8¢ = b2 — 8¢ > 0

C3xn at+ol=—=/la3=m

ob + o+ 302 (o + a?) =— 3

= m2+m+3m (-¢) +3=0 = m2+m (1-3/) +3=0

= (1-30)?—-4¢2>0 {because m € R}

= 403-9/2+6/-1<0 = (¢ -1)?(4r-1)<0 = /Ze(—oo,%]u{l}
C-4. D = b2 — 4ac = 20d? = \E = Zﬁd So roots are irrational.

C-5= D =b?-4ac =b?-4a (-4a-2b) =b? + 16a? + 8ab
Since ab > 0 = D > 0. So equation has real roots.

C-6.  For integral roots, D of equation should be perfect sq.
D = 4(1+n)
By observation, for n € N, D should be perfect sqg. of even integer.
So D = 4(1+n) = 62, 82, 107,122,142, 162, 182, 202. No. of values of n = 8.

/a

D-1. x2+bx+c=0
Np
. at+tB=-Db

= af =c

Sum is +ve and product is — ve.
a<0<p<of

D-2. a>0&c<O0is satisfied by (B) only [ f(0) =0 & a > 0] Further in (B)

LI -~  b<0 [--a>0].
2a
D-3. Fory=ax?+ bx + c to have the sign always same of 'a’' b2 — 4ac <0 = 4ac > b?
D-4. Here for D <0, entire graph will be above x-axis (~~a>0)
= (k—12-36<0= (k-7)(kk+5) <0 = —-5<k<7

D-5. Letf(x)=ax?—bx + 1. GivenD<0&f(0)=1>0

>X
possible graph is as shown
ie.f(x)>0 xe Rorf(-1) >0 = f(-1)=a+b+1>0

D-6. x*+ax+b=0 = atb =-a = 2at+b=0and ab=b
ab-b=0 = b@-1)=0 = Eitherb =0 ora=1
But b=0 (given)
a=1
b=-2
fx) =x2+x-2

1
Least value occurs at x = — )

Least value = —— % —2=c

NP
M| ©
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Quadratic Equation ”
AY

(0,13.5)

0,9
D-7. x )

+—/ 3 O\ » X

y=-2x2-6x+9
-b 6 _ 3

~2=_15&D=36-4(-2) (9) =36 + 72 = 108

2a 2(2) 2

D 108 108 _

42 4-2) 8
= y e(-0,13.5]
D-8.  min. f(xX) > max. g(x)
= —b2 +2¢2>b? + ¢
= c2> 2b?

= > bl2

+——=135

E-1. x—a)(x=-b)—-1=0.Letfx)=(x—a)(x—b)-1=f@)=-1= f(b)=-1
the graph will be mouth opening upwards.

+ t » X
N_ Y

(D) will be correct

E-2.  x2—2px+(8p—15)=0
f(1) <0 and f(2) <0

=>f(1)=1-2p+8p—-15<0

=>p<7/3

andf(2) =4—-4p +8p—-15<0

=4p-11<0 = p<1:1

Hence pe(—o, 7/3) Ans.

* A

N/

D

E-3x= 4x2-16x+A =0

@) 7/3 11/4

f(1) >0 and f(2) <0 and f(3) > 0

%\?/?

"

f(l) =4-16+1>0
f(2) =16-32+A <0
f(3) =36-48+1>0
by (i) m (i) M (iii)

< > )
o] 12 16
= A>12 (i)
= A <16 (i)
= A>12 ..(iii)

12 <A < 16. So A =13, 14, 15 has 3 integral solutions.
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Quadratic Equation,” ﬂ_

E-4w D>0
(k=1)?— 4k2>0 = (k + 1) 3k — 1) <0

—

-1 UEE 1/3

Case- | Exactly one in (1, 2)

f(1) f(2) < 0 = (1- k+1+1) (4-2k+2+k?)<0
= B-k)(k*-2k+6)<0
=3-k<0=k>3

if one rootsis— 1 thenk =3
—1xk=9=>k=-9=k=3

A

1 1
if one root is 2 then k? — 2k + 6 = 0 not possible
=>keo

Case-ll If both roots lie in (1, 2)
f(1)>0&f(2)>0
3-k>0=>k<3&k*—2k+6>0 = ke¢

F-1. x2(6k +2) +rx + (3k-1) =0 = X212k +4)+px+6k—2=0
6k+2 r 3k-1

For both roots common, = =
12k+4 p 2(3k-1)

r 1
j —_——
p 2
=2r—p=0Ans.
F-2. 3x2-17x+10=0 = X = % or 5
If X =5 is comman = A=0
If = 3 iS comman = A= 29—6;Sum= %

F-3.= D, = 4a%b?— 8a%b? = — 4a%h? < 0 img. root ; D, = 4p2g? — 4p2g? = 0 equal, real roots
So no common roots.

y

F-4. (C) / %
fPE N

=<V

F-5.a (D)

> X

/\ Resonance® Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Educating for better tomorrow Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Quadratic Equation,” ﬂ_

PART - Il
o
LW xe-sxrk=0< © (B-ay=(a+py-4dap
oat+td=0
= 16 =64 -4k = 4k =48 = k=12
(B) X2+2x-4=0 = i2+g —4:0hasrootsi,1 = —4x2+2x+1=0
X% X a B
A% —2x-1=0=x -2 x- L =02 q+r= oo 3,8
2 4 2 4 4 q+r

© atp=0,ap=" = o +p=(tp)(r—ap+p)=0.

(D) x2—kx +36 = 0<(; = a+B =k, ap =36 = 36 =(1)(36) = (2)(18) = (3)(12) = (4)(9) = (6)(6)
or 36 = (-1)(-36) = (-2)(—18) = (-3)(—12) = (-4)(-9) = (-6) (-6) i.e. 10 values of k are possible.

2.n f(x) =ax?+ bx + c (a=0) a+b=-b/a
D =b?-4ac ob = c/a
y
P) / from graph
I ~—" > X
—b c
D>0— >0 = b<0 ; a>0 —>0 = c>0
a a
y
> X
7] N
a<o0 abc<0
f(0) > 0 =  ¢>0,2 0 =20 —~b>0
D 2a
y
(n M D<O0
I X
f(0)>0 = C>0 abc<O0
~  a>0 abe .o _ 2.q — b<0(A, D)
D 2a
(s) /-\’\ D<0
a<o
f0)<0 = C<o0 :>_—b<0 = b<0
2a
abc <0 = %bcw (A, D)

3= (A)g,s,t B)p,t (C)r(D)q,s.
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Quadratic Equation ”

Exercise # 2

PART - |
o
2 =
1 a>0,b>0andc>0 = axz+bx+c O\B
a+tpP=—bla=-ve,ap = ¢ =+ve
a
—ve real part
/0(
2. x2+2ax+b:O\[3 = O<|a=pB|<2m = 0<4/(a+[3)2—4 off £2m
0<4a?-4b <4m? = a2—-m2<b<a? = b e [a2—m?, &)
3. Sum of roots <1
= AM—=50L+5<1 = -1 *r-4<0 = 1<i<4 (1)
= Product of roots < 1
= 222-3L-5<0 = @2r=-5*r+1)<0 = —1<x<g ..(2)
5
1) & (2) = 1<k<§.
4. Dis. of x2+ px + 3q is p2—129=D,
Dis.of —=x2+rx+q is r’+4q =D,
Dis.of —x2+sx—-2q is s?-8q =D,
Casel: Ifq<0, then D,>0, D,>0and D, may or may not be positive
Case2: Ifq>0, then D,>0andD,, D, may or may not be positive
Case3: Ifq=0, then D,>0,D,20andD,> 0
from Case 1, Case 2 and Case 3 we can say that the given equation has atleast two real roots.
5xn We, knowthata+b>c,b+c>aandc+a>b = c—a<b,a—-b<c,b-c<a
squaring on both sides and adding (c —a)?+ (a—b)? + (b —c)?<a? + b? + c?
a?2+b?+c2—2(@b+bc+ca)<0 = (@a+b+c)>—4(ab+bc+ca)<0
2
I A )
ab+bc+ca
Now  roots of equation x2 + 2(a+ b + c) x + 3\ (ab + bc + ca) =0 are real, then D > 0
2
—  4(a+b+cP—4.30(ab+bc+ca)>0 = @+b+oy 4
ab+bc+ca
2
So @< Bfb¥Or o, 4
ab+bc+ca 3
A
b
C
c
a
B
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Quadratic Equation,” ﬂ_

6.=  Letbighadratic is ax* + bx3 +cx2+ dx +e =0
= atb+c+d+e=0asa,b,c,dee{-9-534,7}
Hence x = 1 is a root. So real root will be atleast two.
ax*+bx3+cx2+dx+e=0= a+b+c+d+e=0a,b,c,deec{-9-5347}

7.3 X2+px+gq=0 = D,=p?-4q9 ... Q)
X+rx+s=0 = D,=rr-4s ... (2)
D,+D,=p?+r2—-4(q+s) [wpr=2(q+s)]=(p-r?>0
Since D, + D, is +ve, so atleast
one of the equation has real roots.

8. TX=—2x2+6x—9 = D=36-4(-2)(-9)=36-72<0&a<0
So quadratic expression — 2x? + 6x — 9 is always negative whereas n* is always +ve
.. Equation will not hold for any x.
L. X € ¢ Somr=—2x%+ 6x — 9 has no solution.

9m (A+2)(A=1x2+A+2)x=1<0VxeR= (QR+2)(Ar=-1)<0
= -2<A<1 ..(1) (@<o0)
and A+22+40+2)(A—-1)<0 (D<0)
= A+2)(A+2+41—-4)<0 = (A+2)(BAL-2)<0

= 2<)< % -(2)

D& @=re [—2, éj Also A =-2 = 0< 1 whichis true

. Required interval is A € {—2, éj

10. C,:b2-4ac=0;C,:a, —b, care of same sign ax? + bx + ¢ = 0 has real roots then D > 0 i.e. C, must
be satisfied

0) Let a,—b,c>0then—£>0
2a

(ii) Let a,—b,c<0then—£>0
2a

Hence, for roots to be + ve, C, must be satisfied. Thus both C,, C, are satisfied

_ x> —x+c _
11w= Lety=————; xeRandy e R = (y-1)x2+(y+1)x+2yc—-c=0
X“+X+2C
. XxXeR = D>0 = (y+1)?? —4c(y-1)(2y—-1) = 0
= y2+1+2y—4c[2y?—3y+1] 20 = (1-8c)y? +(2+12c)y+1—-4c > 0....... (1)

NowforallyeR(1)Wi||betrueifl—8c>0:c<% andD<0

= 4(1+6c)?-4(1-8c)(1-4c)<0 = 1+36c% +12c —1-32c>+12c<0
= 4c2+24c<0 = -6<c<0

But ¢ =—6 and ¢ = 0 will not satisfy given condition

c e (-6,0)

12. 2-x)x+1)=p = X-x+(pP-2)=0 (1)
(1) has both roots distinct & positive
. (()D>0 (i) f(0)>0 (iii) sl >0
2a

: 9 . o—b 1
0] D>0 =p <Z (i) f0O)>0=>p>2 (iii) 2 = > > 0 (always true)
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Quadratic Equation,” ﬂ_

(@) (i) =>p e 2

\/;

13.= (a 1) (x2+x+ 1)2 (a+ 1) (x*+x2+1)= 0 ........ (1)
X*+x2+1=(x+x+1) (x3=x+1)
S (1) becomes
= +x+1l)[(x¥+x+)(@a-1)-(a+1)(x2—-x+1)] =
= (+x+1l)(x*—ax+1)=0
Here two roots are imaginary and for other two roots to be real D > 0

>V

= a2—-4>0 = a e (-, =2) U(2, x)
o
14.x x3+5x2+px+q:05 = a+tB+Xx ==5aB+px tax, =p (1)
_ad
x3+7x2+px+r=0< = atB+Xx,=—7,0B+BX,+ox,=p (2)

X2
Subtracting (2) from (1)
o B+BX, +ax, =p

+B X, tax, = = = X, — X —B)=0[x, #x
ap+Bx, tax, =p BN, I ., S (X, =%,) (@=PB) =0[x, = x]]
at+B=0 = X,=—5= X,==7
15w - a2+b2+c2=1 = (@a+b+c)2=a*+b>+c2+2(@ab+bc+ca)>0
= 1+2(@b+hbc+ca)>0 = (ab+bc+ca)2—% ........ Q)
a?+b?+c’—(ab+bc+ca)>0 = (@b+bc+ca)<2 . (2)
From (1) and (2) we can say that (ab+bc+ca)e{—%,}
PART - Il

1w (X +3x+2) (¥ +3x)= 120
Let x2+3x=y =>y*+2y—-120=0 = (y+12) (y—10)=0
= y=-12=>x*+3x+12=0 = Xed
y=10 = x2+3x-10=0 = x+5) (x-2)=0
= x ={-5, 2}
= 2, — 5 are only two integer roots.

2w (54 2\/€)X2_3 Y 1

(5+ 2\/€)X2_3 .

2
1
= 5+2«/€X2’3= 5+26) or
( ) ( ) 57276
= x2-3=1 or x2-3=-1
= X=2o0r-2 or —J/2 or«/f Product 8
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Quadratic Equation,” ﬂ_

a c

a+b=-p,ab=1 ; X2+gx+1=0

3= X2+px+1=0 c+d=-q,cd=1

b
atb=-p, ab=1=>c+d=—-q,cd=1
RHS=(a-c)(b—-c)(a+d)(b+d)=(ab—ac—bc +c? (ab +ad + bd + d?)
=(l-ac—-bc+c?) (1 +ad+hbd+d?

=1+ad+bd + d?-ac —a?cd — abcd — acd?— bc — abcd — b?cd — bed? + ¢? + adc? + bdc? + c2d?
=l+ad+hd+d*-~ac—-a*-1—-ad—-bc—-1-b?-bd+c?+ac+bc+1 [ ab=cd=1]
=c2+d?’—a?—-b?=(c+d))-2cd-(a+hb)2+2ab=q*—2-p?+2=0?>—p?=LHS. Proved.

\d

Aliter:
RHS=(ab-c(a+b)+c?) (ab+d(@ab+d@a+b)+d?)=(c2+pc+1)(1-pd+dd ..(1)
Since ¢ & d are the roots of the equation x?+gx+1=0
c2+gqc+1=0=>c?+1l=—-qc &d*+qd+1=0=d*+1=—-qd.
= (i) Becomes = (pc — qc) (-pd — qd) = c¢(p — q) (=d) (p + q) = —cd (p* - )

=cd (o — p?) =g - p* = LHS. Proved.
4, o, B are roots of Ax2—(A—1)x+5=0
rA-1 5
a+tpB=——andaf =—
P A b A
2 |8
E+E =4 = ﬂ:4 = (a+B)2 :6(113
p o of
132
() - A2—32L+1=0 e, (1)
2? A
A, A areroots of (1) .. A +A,=32 and AL, =1
do g
Mo o ath) -2k, o (82°-2 oo, (R M| g
Ao M My 1 14
2
5a oc+20c:—L = o=— ‘ Also 202 = 1 = 20 -1
(—m 3(¢—m) (-m  9(/-m)> (-m
= 202-9¢+9m =0 = feR = D>0 = 81-72m >0 :mgg.
6. ofp=b;yo=b-2 = opyd =b(b-2)=24
bx? + ax + 1 =0 has roots —, L :>i+—=__a
a B a b
(b—2)x? —ax + 1 =0 has root l, 1 :>}+l=i
y & y & b-2
11 1 1 -a a 5 +2a 5 +2a 5 _
—+—+—F+=—=—++ =— =—; =—; a=10
Yy By 8 b b-2 6 bb-2) 6 24 6
7w a®+b®+(-9)®=3-a-b(-9 = a+b-9=0 or a=b =-9. Which is rejected.
As a>b>-9 = a+b-9=0 = x =1is aroot
otherroot:_—g. a:_—g,le :>4B—aa:4—a(ﬁj:4+9:13.
a a a
8.m Lett2—-2t+2=Kk = o?—6ka—-2=0 = o?—2=6ka
8,5 — 28, = 0100 — 2,0% — B0 + 2. B% = 0% (a2 — 2) — (B2 — 2) = 6k (a*® — B%) a,,, — 2a,, = 6K.a,,
2100 =288 _ gy — gz 2t+2) = 6[t—1)2+1] -  min. value of 2100 =238
Agg 8gg
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Quadratic Equation ”

9. X4 —Kx3+ Kx2+Lx + M= 0
N\

apyd =M =

K2—2K=(K-1)2-1

=

n/\m

65’3 Za:K'ZaB:K’ zaBy:_L

3

@+ P+ (atBry -2 aB

(2 +p2+y2+8), =—1

10. y= > = X?y—-2x+y=0 V xeR
1 + X
D>0 4-4y2>0 = yel[-1,1]Nowf(y)=y?+y—-2
=f(y) e| - g 0] = :_—9,b203b—4a:0—4 g =9. Ans.
4 4 4
A (y)
\. —1-1/2 / S
< T H 0 >y
-2 : i /1
~T_ /4
11w Leta, B, y be the roots of x* — Ax2 + Bx—-C =0 (1)
the roots of x® + Px?2 + Qx — 19 = 0 will be (o + 1), (B + 1), (y + 1)
(a+1)(B+1)(y+1)=19 = (fptoa+p+1)(y+1)=19
= ofytoy+Bytafpt+ta+pfty+1=19 = C+B+A=18 [using (1)].
12. o+ 20 = 12x = o = 4X = (o) (2ar) = — f(x) — 64x
= f(X) = — (32x% + 64X) = f(xX) = — 32(x? + 2x) = f(X) =—32((x + 1)2-1)
= f(x) < 32. = Maximum value of f(x) is 32 f(x)
13. Case-l : Both the roots are positive X2 +2 (K —1)x+(K+5)=0

() D=0 = 4K-12-4(K+5)=20= (K+1)(K=4)=0
[ U »
(l) ~__ » x
(case-I)
(i) f(0) >0 = K+5>0 = K>-5
iy - 2so0 21-K) . 4 ~  K<1
2a 2
i
-5 -1 0 1 4
Ke (=, —1] ()]
Case-ll : One root is +ve and other rootis —ve f(0) <0 = k+5<0= K<-5 ... (i)
\
(case-IT)
Case-lll : One root is zero and other is +ve f(0) = 0 & ;—b >0 =K=-5 .. (i)
a

\

/.,

0

»
o X

(case-II)

Union of all the three cases give K € (— o, — 1]

=(—o,—b]=>b=1. Ans.
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Quadratic Equation,” ﬂ_

14= case- | : Both roots are greater than 2.

or one root is 2 & other is greater than 2
D>0 = (@a-3)2-4a>0 = a?-10a+9=0 (@a-1@-9=0
ae (-, 1] U |9, x) e ()
D230 o as7 )
2a
f2)>0 = 4-2@-3)+a=0
—a+10>0= a<10 .. (i)
(i) m (i) M (iii) gives
ael9,10] e (i)
$ o~ r ‘[
10
s, \o .
........... 7
Case-ll : One root is greater than 2
f(2) <0 = —-a+10<0
= a>10 = a e (10, x) (V)
(iv) U (v) gives final answer as a e [9, «)
= Least value of 7a is 63.

2

3 1 31
15, e o= —~  (3b-2a)(a-b)=(3-2)
2 b||b 1 2 1
= 5ab —3b?-2a?=1
16.n x—px2+0gx=0 (1)
o
X(x?2 —px +q) =0; x=0, xX2—px+q-= 0\ .. 0, a, a are the roots of equation (1)
o
200=p=a=p/2 (2 & o?=q ...(3)
Since a is the root of the equation x?2 —ax + b = 0 also,
T~ ot—aa+hb=0
ap .
q - +b=0 [using (2) & (3)]
= ap=2(b+q) ~2=20
g+b
17. Given expression is f(x, y) = x3 = 3x?%y + AXy2 + uy* ... ()
since (x—Yy) is a factor of (i)
: XC=3C+xE+uxt=0 = A+p-2=0 ... (i)

(y — 2x) is also a factor of (i)
o X3 = 3x2 (2X) + AX (4x?) + u(8x%) =0
= 4 +8u-5=0 L (iii)

Solving (ii) & (iii) we get 2. = 1?1 and i = — %

117 P14
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Quadratic Equation,” ﬂ_

PART - Il
1. p=0 =2x2-4x-0=0 two roots (A) Correct
p=1 =0x2-(0)x+0=0 identity more than two roots (B) Not answer
p=2 =0x2-(-2)x+(-2)=0=>x=+1 one root (C) Correct
p=4 =6x2-0x—-12=0 two root (D) Correct
2. (A) S=w?+p2=az-2b; P=o?p?>=b?
equationis x?—(a@2—-2b)x+b?=0
(B) S:l+£ :_E,P:EIE:E
o P b a B b
x2+3x+1:0
b b
= bx?+ax+1=0
2 2 2
© S:E+E:a +P :a _Zb;P:g.E:]_
B a of b B a
2_
L R J RN bx? — (a2 — 2b) X + b = 0
(D) S=a+p-2=-a-2 ; P=(a—1)(B—-1)
zaf—(a+P)+1l=b+a+1l
equationis x2+ (@+2)x +(a+b+1)=0.
/0" b C /0H—5
3. ax?+bx+c=0 Sa+f=——,0p=— = A®+Bx+C=0
a a B+
B C
(a+5)+(B+6)=—K,(a+8)(l3+5)=K |(cc +8) — (B +8)| = |(a — B)]
B2 4C _ [b® 4c b*-—4ac _ B?-4AC
— —-— = |5-— = = = Hence proved
A A a a a A
o
4 4x2+2x—1=o\B
= 4oz +200—1=0 ...(1)
Let B =40®-3a
with the help of equation (1)
B=a [402—=3]=0a[l —20—3]=—202—20 =-2 a%‘”-za [using (1)]
B=—a-1/2
o+ B =-1/2 which is given.
hence second root is 40 — 3a.
5. X2+3x+1=XX-a)Xx=B).Putx=2 =11=(2-a)(2-B) option (B)
a2 +30+1=0, B2+3p+1=0
a?=—(3a +1), B2=—3p+1)
2 2 2 2
¢ =-1, b =-1 = ¢ . P =—2 option (C).
3a+1 3a+1 3a+1 3o+l
( o T{ B T _ o B -@Ba+D)  (3p+D _oa@o+D+pER+D
1+B 1+a 1+28+4p%  1+20+a? -B = pa
2 a2 3((a+B)? - 2aB )+ (-3)
_ 3 )P _ 3 FCD s se1s

1 1
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Quadratic Equation,” ﬂ_

6. Split 32 into sum of two primes 32=2+30=3+29=5+27=7+25=11+21=13+19.
32=2+30=3+29=5+27=7+25=11+21=13+19.

7w o2-a(e+1)-b=0 .. @)
p2—a(p+1)-b=0 .. (ii)
by (i) & (ii)
1 1 2 1 12
® az—aa+B2—aB_a+b_a+b+a+b a+b_o (hence A)
(B) fa)+a+b=—(a+b)+(a+b)=0 (hence B)

f(lo)+a+b=b?-ab—-a-b=0
2 2 2
(D) 212 yarb=2 _a[211]-b+Z 1a+b=0
2) 4 4 2 4

8w Let X)=x3+bx2+cx+d

b+c+d=0 .. 0
db+2c+d=-4 . (ii)
9b+3c+d=-18 .. (iii)

by (i), (ii) and (iii) b = =5, ¢ = 11,d =6 = f(x) = x3— 5x2 + 11x — 6

Alter: fX)=(X—-1)(X—-2)(x—3) +x2=x3-5x2+ 11x— 6 =x3 — (x — 1)(5x — 6)

3
= f(4) = (3)(2)(1) + 16 = 22 f[gj B (g)

Now f(x) =x3=>x =1 or g
f(0) f(1) = (-6)(1) <0 onerootin (0, 1)

9. Case-l (i) X>1p(X) =x2° (x7 —1) + x1(x” — 1) + x3(x — 1) + 1 p(x) > 0 no root for x < (1, )
(i) 0<x<1p(x)=x32+x18(1-x")+x*(x—=x")+ (1-x3 p(x) >0 not root for (0, 1)
(iii) x=1;P(x)=1
hence no real root for x > 0
Case-ll : forx<Oletx =—aisroot (a>0) p(a) = a3+ a5+ a8+ ol + o+ a2+ 1p(a) =0
Hence no negative rootAll roots are imaginary
p(x) + p(=x) = 2(x32 + x18 + x4 + 1) # 0 V X € R Hence imaginary roots.

4

o o
10. x2+px+q=0<ﬁ:>a+B:—p,ch=qandp2—4q>0:>x2—rx+s=o<54 ..... (1)
Now o*+B4=r = o*+B*=r,(apf)=s=qg* .. (®+B2?>—2(ap)3>=r
= [(a+B)2—2aB?— 2022 =1 = (P?—20)*—20°=r = (p>— 29)>=2¢°+r>0 .. (2
Now, for X2—-4g9x+20°-r=0 =

D =16q? — 4(29? —r) by equation (2) =89 + 4r = 4(29> +r) >0 =D > 0 two real and distinct roots
Product of roots = 20?2 —r = 20? — [(p? — 20)* — 20%] = 49? — (p>— 20)?> =—p? (p?—49) <0 from (1)
So product of roots is — ve. hence roots are opposite in sign
/ “
i
\ v
Letax®*+bx?2+cx+d=(x2+x+ 1) (Ax + B)
Roots of x2 + X + 1 = 0 are imaginary, Let these are a, § So the third root 'y will be real.
b b a-b
(x+[3+y: — :>_]_+y:_ S>y=—
a a a

11. axd+bx2+cx+d=0

Also afy - . Butap =1
a

_—d
’Y__
a

Ans are (A) & (D).
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Quadratic Equation,” ﬂ_

12» If—5+ip is aroot then otherrootis—5—i andy=0
= rootsare—5+iB,—-5-ip, -5
Product of roots (25 + p2) (- 5) = —860; 25+ B2=172; B2=147;B==7+3
rootsare—5+7i\/§,—5—7i\/§,—5
and c=-5(-5+7if)=5(-5-7iv3)+(=5+7iJ3)(=5-7i3)
c =50 + (250 + 147) = 222.
13. fx)>0VvxeR orf(x) <0 Yvxe R hence D<O0
its graph can be
(i) or (i)
(A) f(1) > 0 graph (i) will be possible
sof(x)>0Vvx eR
(B) f(-1) < O graph (ii) will be possible so f(x) <0 ¥x € R
© f(—%) >0so0f(x)<0 VxeR
S0 nhot possible
(D) a>0 c>0 (graph (i)
a<0 c¢<0 (graph (i)
in both cases ac >0
14. fla) =f(B) =f(y) =0
hence f(x) has three real roots a, B, y possible graphs of f(x) are
\ or /
X4 ¢ X, B X3 v X, X4 'OL X, B X, Y X
a € (X; X,), P € (X, X5) and y € (X5 X,) or a € (X; X3), P € (X, X5) and y € (X, X,)
hence A and D are correct
B is wrong as B ¢ (X3, X,)
Ciswrong as B & (X3, X,)
15. only A and C are correct as in these graphs
f(a) = f(B) = f(y) = fi(xy) = f(x;) =0
In option B f(a)) < 0 and f(B) > 0 (can't be equal).
In option D f(a) > 0 and f(B) < 0 (can't be equal).
f(2*
16, )= —— 42 43 (2) =% | %) = 0 has exactly one root in (2, 3).
Xx-2 x-3 x-4 and f(37) —» —o
. f(3") —w
again
and f(47) > —o
= f(x) = 0 has exactly one root in (3, 4).
17. D of X2+ 4x + 5 = 0 is less than zero
= both the roots are imaginary
= both the roots of quadratic are same
= b2—4ac<0&3=9=£=k
1 4 5
= a =k, b =4k, c =5k.
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Quadratic Equation ”

o

18.»= x2+abx+c:o<[3 (1) a+p=—ab,ap=c
o
x2+acx+b:0<(5 ..(2) a+td=—ac,ad=hb
o?+aboa+c=0
o?+aca+b=0
2 2 2
% =% - QZZM:_(b+C)
ab’-ac? c-b a c-ab a(c—b)
_ _¢c-b _1
a(c-b) a
1
common root, o = =
a
1
'.—(b+c):—2 az2(b+c)=-
a

Product of the roots of equation (1) & (2) gives

B x 1:c:>B:ac
a

& lezb:ﬂ}:ab.

a

", equation having roots B, d is (B, 8)
x*—a(b+c)x+atbc=0

= a(bb+c)x*—az(b+c)x+a.(b+c)atbc=0
a(b+c)x2+(b+c)x—abc=0.

19. S, :2x2+3x+1=0
" D=9-4x1x1=1

Which is perfect square of a rational number

*. roots will be rational.

© Letf(x)=(x—a)(x—c) +2(x—b) (x—d)

S,:

fa)>0 f(b)<0 f(c)<0f(d)>0
*. two real and distinct roots.
S.: X*+3x+5=0

5
for equation (i) , D <0

(i) and ax’+bx+c=0 ... (ii)

Roots are imaginary and they occur in conjugate pair
Roots of equation (i) and (ii) will be identical

a b

——=—-7» (A eN) = a=2A, b=3A c=5AL=a+b+c=9 .. leastvalueis 9.

1 3 5

N AL

20. x*+ax+12=0 ... Q)
x?*+bx+15=0 ... (2)
x*+(a+b)yx+36=0 ... 3)
1)+(2)-(3)givesx2-9=0 = X =* 3 given that common root will be +ve
so x =3 put in equation (3) 9+3(a+b)+36=0 = at+t+b=-15

by equation (1)9+3a+12=0=a=-7 & b=-8

21w 4x3+ 3x+2C = (4X + 2¢) (X2 + Ax + 1)

compairing co-efficents =

= cC+A=

N | =

c=1and k:—i or =-1 and kzl
2 2
1

2
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Quadratic Equation,” ﬂ_

1=

RN

A

PART - IV :
X2+2xy +2y2+4y+7=(X+y)2+(y+2)2+3>20+0+3 .. Least value = 3.

2
P(x):4x2+6x+4:4£x+%j +% = P(Xx) =2

NN

2
Q(y)=4y?—-12y + 25 = 4(y—g] +16 = Q(y) > 16

= p(x).Q(y) > 28 but it is given P(x).Q(y) =28 p(x).Q(y) > 28 P(x).Q(y) = 28
= PM=T & QU)=16

3 3 3

o x==2 y=3i1ay oex=11x 3 s £)-33,39.72
4 2 2 4

— +—=—=236. Ans.
2 2 2
(3&4)
Let the coordinates of A(a, 0), B(2a, 0), C(0, 2a). Now y = x? + bx + ¢ passes through C(0, 2a)
given equation of curve reduces to y = x? + bx + 2a. Now it also passes through A & B
o 0=o0?+ba+2a = O=a+b+2 ... (1)
& 0=40?+ 20b + 2a = 0=2a+b+1 ... (i)
On solving (i) & (ii) fora & bwe geta=1,b=-3
givencurve isy =x2—3x + 2

é. roots of y = 0 are {2, 1}
4. (a+tB) = 3 (v a=2,=1) = a—B) = 1
equation whose roots are 3,1is x>—4x+3 =0
(5to7)
Xt—Ax2+9=0=> x2=t >0 = ft)=t2—-At+9=0
5. given equation has four real & distinct roots
D>0= A -36>0 _—b>0:> £>0:k>0
2a 2
f(0)>0= 9>0
A € (6,)
? 9
| |
\ / -6 6
} ) —
o \\/ t (I)
6. Equation has no real roots.
b

case-ID>0=A12-36>0 — <0
2a

= A<0 f(©O)>0
= 9>0.
A €(— oo, — 6]

case-ll D<O
= A2—36<0
= A e (—6,6)
union of both cases gives U A e (—oo, 6)

|
0
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Quadratic Equation,” ﬂ_

7. Equation has only two real roots
case-l f(0)<09<0

which is false case-1I f (0) =0 and ;—b< 0
a
No solution Final answer is ¢

8.» Dividebyx2:>x2—10x+26—ﬂ+i:0:>x2+i—10 x+1 +26=0
X x2 x2 X
1 1 4
t=x+ = = 2-2=x2+= —=12-2-10t+26=0 :>t2—10t+24:0<6
X X
t=4 x+l =4 = X2—4x+1=0 = x=2+3
X
t=6 x+L =6 = X2-6x+1=0 = x=3+22.
X
9= By trail x = 1 is a root divide by x — 1 x=1,
11 -5 9 -9 5 -1
X 1 -4 5 -4 1
1 -4 5 -4 1 0
(X—1) (x*—4x3+5x2—-4x+1)=0 = x=1 or X4 —4x3+5x2—4x+1=0
X2 —4x +5— ﬂJri:O = t:x+1 = t2:x2+i+2
X x2 X x2
1 1 1
2-2-4t+5=0 > P-4+3=0<, >  x+—=lx+ =3
X X
+ +
X2—x+1=0, x2-3x+1=0 = x=1_;\E ,x:3_2£
+i +
rootsl,%,%.

10.= Divide by x® = x3—4x+i 5 =0;x3—i—4 x_l =0
x X3 X2 X

Put t=x—1 = t3=x3—3x21+3x S =x3—3(x—lj—i3
X

X X N X
3+ 3t=x%— %
X

Put in equation above t3 + 3t — 4t= 0
= t3-t=0
= t=0,1,-1

3+ 3t—4t=0
= t3—-t=0
= t=0,1,-1

X—EZO,X— Z=1,X— E:—1;x:il,x2—x—1:0,

X X X

x2+x-1=0

1++/5 X__1i£
2 A = .

2
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Quadratic Equation ”

EXERCISE # 3
PART - |
1 0) x2—8kx +16(k2—k +1)=0 D=64(k2—(k2—k+1)=64(k-1)>0
= k>1 (1)
M -4 = s Skl )
(iii) f(4)>0
= 16-32k+16 (k*-k+1)>0 = k2-=3k+2>0
= k-2)(k-1)20 => k<lork=2 ... 3)
Q) (2)n(3). Hencek =2
2. Product =1
sum = & +B° _(@+p)’ —20p
of af
Since o’ + B2 =q = -p(2+p?—af)=q

((a+B)2—3aB):—§

= pr+ T =30p
p

2( o3
{pz_?’[p +qJ} 3p 3
P _pP -2q

Hence sum = z 3
(p” +0) p” +q
. p® —2q
so the equation x2 — —&— | X+1=0 = (PP+g)xe—(p*—2g)x+(p*+q)=0
p”+q

3. X2—6x—2=0 havingrootsaandp = o?—6a—2=0

= ol®—6a® —208=0 = al®— 208 = 60° ()}

similarly g0 — 238 = 6[3° ()}

by (i) and (ii)

_ - ap —2ag _
(o0~ ) = 2(a?~ B¥) = 6 (a?~ B*) = a,-2,=63, > =% =3
dg
Aliter
o -1 —2a® ~p°%) _ a’® —Pp° +ap(a® —p°) _ o’(a+P)-P(a+p) _ atP _6 _,
2(a” ~p%) 2(a” ~p°%) 2(a” %) 2.2
x? +bx-1=0
2 _ 2 _
4 X“+Xx+b=0 = b*+1 _ (b+1): (b+1)(1—b) =(b+1)?
x2 x 1 -(b+1) 1-b

b2+1 -1-b 1-b

= b?—b*+1-b=b2+2b+1 = b*+3b=0=b=0;b’=-3=>b=0+/3 i,
5. p(x) will be of the form ax? + c. Since it has purely imaginary roots only.

Since p(x) is zero at imaginary values while ax? + c takes real value only at real 'x', no root is real.
p(p(x)) =0

= p(x) is purely imaginary =

Also
ax? + ¢ = purely imaginary
Hence x can not be purely imaginary since x? will be negative in that case and ax? + ¢ will be real.

Thus .(D) is correct.
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Quadratic Equation,” ﬂ_

2_
6. (x1+x2)2—4x1x2<1i2—4<1:>5—i2>0 5“21>
(04 (04 (04

0

B ) o

j (2
11 1 1

wew w3 5) [F5)

_ 2secO++/4sec’0—4

2

_ —2tan0++4tan’0+4

2

N[ —

N | =

D>01-402>0 oce(—

7. X2—2xsecO0+1=0=x

= X =sech +tand , sec6 —tand = a, = secb —tanod

now x2 + 2x.tanf—1 =0 = x = X =—tan6 * secb = a, = (seco — tanb)

= B, =— (sech + tand)

o, +B,=—2tan0

_ 2secO++/4sec’0-4

Alt : () x?—2xsec6+1=0 x= > = secO * tan®
o, = seco —tand B, = seco + tand
(i) X2+ 2X tan@ — 1 = 0 = x = —2NO= qgtan29+4
X =—tan6 * sech o, = —tand + sind B, =-tan6 —sec6 o, + B, = —2tand
8. As o and B are roots of equation X2 —x-1=0,weget: a’—a—1=0= o?= a+1

BP-Bp-1=0 = B*=p+1
- au + aw= patl + gl + pal®+ gpl0= pal® (a+l) + gpL (B +1) = pal® x o2+ qBlOx B2 = pal?2 + gf'? = ar

9. an+2=an+1 +a@nas=as +az=3a1 + 2a0 = 3pa + 39p + 2(p + Q)

As 0L:1+2\/§’ B=1—2\/§’ e get an= 3p{1+2\/§J+3q(1—2\/§J , 2 O

- (3_2p+3_;+2p+2q_28]=o ....... (i)

and 3—p—ﬂ=0 ................ (ii)
2 2

= p=q (from (ii)) = 7p =28 (from (i) and (ii))
> p=4=09=4 => p+2q=12
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Quadratic Equation,” ﬂ_

oLn+l_Bn+1 +an—1_Bn—1 _ oc"_l(cxz +l)_Bn—1(BZ +1)
a-p oa-p o—p
an_1(5+\/§J_Bn_1[5—\/§J
_ @ o+ B (E+2) _ 2 2
o-p oa-f

n-1 \/§+1_ n—l@
Voo ( 2 j Vs [ 2 J:\/g(oc”ﬁ“)

10. (A) bn =an+1 + an-1=

i oa—p ap CUR v a-B=iB
o p
by _y(e) (BY - 10 , 10 o @ , B
®) ;10” _Z(loj +Z(10) 1_g+1_£ 10—a+1o—[3
10 10
_ _10(a+P)-2ap _10+2 12
100-10(ct + B) + off 89 89
o B
2 a, o"-p" _ _ 1| 10 10 1 o B
C “n_ _ = = — —
) ;10" Z(oc—B)lOn o=, ;B a—B[lO—a 10-[3)
10 10

_ 1 (@A0o-p)-af+ap) _ 10
a—p 100-10(c+P)+opf 89

Option (C) is correct.

 af-a") BE-p")
_So-3p' _ (1-a)  (1-P)

(D) artaz+ ... an=2Xai =
a-P o-p
_ (a+1)(1_an)_(B+1)(1_Bn) ¥ a2_an+2_B2+l3n+2 N ‘/§+Bn+2_an+2 __l+a ,
(1-a)1-p)(a—P) (1-a)1-p)(a=P) p-o
PART -1l
1. Let the correct equation be ax? +bx+c=0ax+bx+c=0
4
now sachin’s equation = ax?+bx+c' =0 <
3
3
Rahul's equation = ax2+b'x+c=0 <
2
s 4 0 =6 . (ii)
a a
from (i) and (ii)
correct equationis x2—7x+6 =0 rootsare6and 1. x*—7x+6=0
2. PX)=0= fX)=g(x) = ax+bx+c=ax?+bx+C, = (a—-a)x*+(b-b)x+(c-c)=0.
It has only one solution x = -1
= b-b =a-a +c—-c, e (1)
vertex (-1,0) = _b-b, __ 1
2(a-a,)
= b-b =2@a-a,) . (2)
= f(-2)-9(-2)=2 =>4a—-2b+c—-4a, +2b, —c =2
= 4a-a)—-2(b-b)+(c-c)=2 e (3)

by (1), (2) and (3) (a-a)=(c-c) :% (b—=b)=2
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Quadratic Equation ”

7.3

9w

n

NowP(2) =f(2)-g(2) =4(a-a)+2(b-b)+(c—c) =8+8+2=18
Let esim =t = 2-4t-1=0

_4+\16+4

= t
2
~  t=em=2:5
= esinxzz_ﬁ' esinx:2+\E
= esnx= 2 5 <0,
= sinx = In(2 + \E) >1 so rejected so rejected hence no solution

X2+2x+3=0 (i)

ax?+bx+c=0 (i)

Since equation (i) has imaginary roots.

So equation (ii) will also have both roots same as (i).
a b c

Thus —==—=—= a=A,b=2\,c=3A Hencel:2:3

1 2 3
a? = 3{xy’ — 2{x} [ x—[x] = {x}]
Let{x} =t te (0, 1) As x is not an integer

az=3t— 2t f(t)=3t[t—§j = a2:3t£t—§j

Clearly by graph —% <a’<1
ae(-1,1)-{0} (As x = integer) Ans. (3)

Note : It should have been given that the solution exists else answer will be a € R — {0}
N

_117
3 3
\4
¢ 11
px2+qx+r=0< ; P, r—>AP.; 20=p+r —+—-=4,; 0L—+B=4 =
B a B ap
q:—4r ..... (I)
_8r:p+r
p=-9 .. (i)
o> 4r . )
lo.— Bl = (@ +B)’ —4ap = 7~ oy and ()
p
_JoP-4dpr _ 16’ 4362 _ 213
Ipl | =9r| 9

X2—6x—2=0a,=a"—p"
a0 —285 _ o'’ - -2(a® -B%) _ o®(a®-2)-p°(B* -2) _ 60° -6B° o+p

2ay 2(0” - p%) 2(c® -p°) 2(a®-p%) 2

6
=—=3 Ans. (3
> 3)

For rational roots D must be perfect squareD = 121-240, = k? for 121 — 240 to be perfect square

o must be equal to 3, 4, 5 (observation) so number of possible values of a is 3

Let roots are o & B now k+%=1: %+E=130€2+52=0€B (a+B)?=3ap (
o

mZ2—-8m-2=0 m=4t3\/§ soleastvalueofm=4—3\/§

Mj 3.2

2

3m? 3m
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Quadratic Equation,” ﬂ_

A

HIGH LEVEL PROBLEMS (HLP)

3 (X—ay)(X—-0z).....(x—0a,) + X—oq)(X—03).....(x —a,) o3
! (o —0p)(0g —0tg) (=) (0 —0y)(0ty —0l3).ee (0 —0)

........ N (X—0)(X=05)e.(X—at4) 2= x=0
(an - 0Ll)(O‘n - OLZ) ------ (an - OLn—l)

= a1, 02 ....0n are roots of above relation whose degree appeared as (n—-1)

= above relation is indentify

axx?+ (b*+a2-c®)x+b2=0 .. (1)
atb>c=a+b-¢c>0 ... (2)

and la-bl<c= a-b-c<0 ... 3)

and a-b+c>0 ... 4)

Discriminant of equation (1) i.e. D = (b? + a2 — ¢?)? — 4a%b? = (b? + @ — c? — 2ab) (b? + a2 — ¢? + 2ab)
={(a—-b)*—c?}{(a+b)*-c?}
=(a-b+c)(a-b-c)(a+b+c)(a+b-c)<0(using (2), (3), (4))

D<O
roots are not real.
1 4 4 1 1
— + — <
X-1 x-2 x-3 x-4 30
-3 4 1
f—

2 3

x“—5x+4 x°-5x+6 30

Let X2—-5x=y

4 3 1
<

y+6 _y+4 30

y? —20y +84 -G

(y+6)(y+4)

= y e (-, —6) U (-4, 6)u (14, ©)
Now (i) ify € (—, —6)

= X2 — 5X < —6.
= X € (2, 3)
(i) ify e (-4, 6) =" —4<x2-5x<6
= Xxe(=1,1)u4,6)
(i) if y € (14, ) = X2 —5x>14
= X € (=00, —2) U (7, )
final answeris xe (-o,—-2)u(-1,1) U (2,3)uU (4,6) U (7, ©)

Let the three numbers in G.P. be a, ar, ar?
a+b+c=xb

21+ 8=y b=ar,c=ar?

b b
= r+(1l-x)y+1=0 ... (1)

ris real for() D=0
= (1-x)?2-42>0
= xX2—-2x-320
= x<-1lorx=>3
Note: Ifwe putx=—-1and x =3in (1) we getr = — 1 and r = 1 respectively which is not possible

because in both cases the three numbers will not be distinct therefore x <—1 or x> 3
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Quadratic Equation,” ﬂ_

5.Vt Vo= (@ B+ (@4 B = (el + 1) + BB+ 1)
a’+oa—-1=0
Cra—-1) o’ +1 o—1
3 2
o'+ o —a
- -+
—f+a+1
—af—a + 1
+ o+ -
20
a+l=(?+a—-1)(a—1)+2a=2a
alsoB3+1=2p = V +V _,=a3(2a) + 3(2B) = 2[am2+ B2 =2V, ,

V,=a+B=-1;V,=c2+p?=(a+B)—2af=1-2(-1)=3
V=2V -V _ = V=2V, -V, =2[2V, - V,] - (2V, - V,) =4V, - 2V, - 2V, + V,
=42V, - V] -4V, +V, = 9V, — 4V, — 4V, = 9{[-1]} — 4[2] — 4[3] = -9 — 8 — 12 = —29

6. fX)=x*-(M-=3)x+m>0Vxe[l,2].HoreD=(M-3)2-4m=m?—-10m+9=(m-1) (m-9)
All possible graphs are

y
N
Case 1: 0 } > X
1 2
D<0= m e (1,9)
y
\//
Case 2: 7 ‘i é > X
() f(1)>0 = 4>0 always true
(ii) L— <l= m<5
2a
(iii) D>0 = m e (—o, 1] [9, «©)

() ~ (i) A (i),  we getm e (= oo, 1]

y

LN\

Case 3: 1 2 v X

() f2)>0 = m<10
(if)
iy D=0 = me (-, 1] U9, ©)

(i) m (ii) ~ (i), we getm € [9, 10)
Now final Answer is (Case 1) u (Case 2) U (Case 3) we get m € (— «, 10)
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Quadratic Equation,” ﬂ_

7. Let fx)=ax2+(a-2)x—2 f(0)=-2 and f(-1)=0
Since the quadratic expression is negative for exactly two integral values
= f(1) <0 and f(2)>0
= ata-2-2<0 and 4da+2a-4-220
= a<2 and a1

aell,2)
y

Nt ot /o,

N

-2

8. 0] whenx<a = x*+2a(x—a)—-3a?=0 = (x +a)? =6a?
X=—-az \Ea:—a(1+\E),—a.Sinceaso,thenx:—a(l—xﬁ)
when x>a thenx?—-2a(x—-a)-3a?=0=>x=az* \/fa:a((lJr\E),a(l—ﬁ)
sincea<0, x>a

X = a(l—\/f) Hence x= a(\/g—l) , a(1—\/§)

3 2
(iii) (x+£j +(X+EJ =0 = (x+ij ((X+EJ +1]:0 = (x+£j [x2+i2+3J:0
X X X X X X
= No real value of x. Number of real roots = 0

9. o,p aretherootsof X?—34x+1=0 = a+pf=34 and af =1

1 1 E
[a“—ﬁ“] = Ja+B -2(pp ¢ ap=1

11y
[M—NJ =Jo+B -2 . 1)
(J&+J§)Z=a+ﬁ+2ﬁ a+p=34andaf =1

2
(«/a+ \/E) =36 we consider the principal value
11y
\/a+\[[§=6putin(l),weget. = [oc“—B“} =4
EL
at-p4 = +2 Ans.

2 X2 +x+1

2 e 2
10. The equation can be rewritten as [X+—X+:2J _(a_s){x+—x+2j +(a-4)=0
X% + X+

2 2
Let X2+—X+2:tort:1+2; since x2+x + 1= {x+1j 3
X +x+1 XS +X+1 2 4

Therefore (x2+x+1) > % = te (l%} Now given equation reducestot?-(a-3)t+(a-4)=0

(a—3)i\/(a—3)2—4(a—4)

2
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For one root to lie in [lﬂwe must have1<a—45§ =>5<acx< %

11. Let roots be a, = o =-14(g?> + 1). Clearly, g? + 1 is not multiple of 7
“ a, B are integers clearly one of o or § is multiple of 7
o+ B =—7; which is possible if a, p are both multiple of 7. Hence a, B are not integers.

12. Let x2=1>0, for only real solution. Again letf(t)=t?—(a?—5a+6)t—(a?—3a+2)
f0)>0= a?-3a+2<0 aec[l,2]-b2a>0=a*-5a+6>0 = (a-2)(a-23)
>0 = ae(-»2] U [3x)

So possible 'a’ from above two conditions are a = 1, 2. Now condition for D = ((a —2) (a —3))? + 4(a— 1)
(a—2) >0 is also satisfied by these two possible values of a. So required value of 'a' are 1, 2

13. o, B aretherootsofax*+bx+c, =0 = oa+p= b and af= &
a a
1+o+prap =221t (l+a) (14p) =2B¥o 1
a &
Similarly (1+8) (1+y) = . - @)
a,
e — @)
3

Multiplying (1), (2) & (3), we get (1+a)? (1+B)? (1+7)° = (Bu=bi+cy) (a2-B5+C5) (23 —bs+cs)

a a as
) %
= (1+a) (1+p) (1+7) = H[%j
i=1 i
. %
a; —b; +¢;
= 1+ (a+B+y) + (ap+ By+ay) + aPy = [#]
(arpr) + ) 1=
) %
a; —b; +c;
= a+B+y) + (ap+ Py+ay) + aofy = [¥] -1
(0p1) + ) ][22
14. On putting the value of p, g and r in given equation we have
2x¢-(a, +a, ........ +a)x?+ (aa, + aa, ....... +aa)x - (a,a,a,+aa,a)=0
{x3 —(ay +ag +ag )x* +(a35 + 8585 +a5al)x—ala3a5} +
{x3 —(ay +ay +ag )X* +(aa, +a,4ag +a535 )X —a2a4a6} =0
= (x—a)(x-a3)(x-as) + (x—ay)(x-a,)(x-as) =0
Let  f(x)= (x—a)(x-ag)(x-as) + (x—ay)(x—a,)(x—ag)
Now f(a)= (ay—ay)(as—as)(as—ag) >0 ; fa,) = (a, —a;)(ay —az)(ay —a5) <0
fa,) = (ag —ay)(ag —a,)(ag —ag) <0 fa,) =(as —a;)(as —az)(a; —as) >0
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Quadratic Equation,” ﬂ_

f(as) = (a5 _az)(as —a4)(a5 —ae) >0 f(a,) = (as _al)(aG —a3)(a6 —a5)< 0
From above results it is clear that there are three real roots lying in the intervals (a,, a,), (a,,a,) and
(a, a,)

2 2
15. Let A, A, are the roots of ax? + bx + ¢ =0, then (A, — A ))? = (A, + A))? - 4A1A2:b—2—£ :b#
a® a a

2
Using same result for x2 + 2bx + ¢ = 0 = {<B+COSZ cx) —(B +sin® a)} = 4b? - 4c

2
= (c032 o —sin? a) =4b?—4c = c0s*20 = 4% —C)  cveeeeerenns (i)
2 2 _
Similarly for X2+ 2BX+C=0 = {(y +cos* o)~ (y+sin® a)} = w = 4B? — 4C
2

= {(cos2 o —sin? a)(0052 o+ sin? a)} = 4(B>-C)
=3 €0s220=4(B2=C) s (ii)

from (i) & (ii)

B2-C = b2—c; B2—Db? = C-c Hence Proved.

16. (x®+x)2+ax®+x)+4=0. Letx?>+x=tthenx®?+x-t=0 VxeR

D>0 = 1+4t>0 = te[—%, ooj (1)
Now f)=t?+at+4=0

() all four real and distinct roots

(A) D>0

(B) f(—1/4)>0

b 1

C -—— >—- =

©) 2a 4

(A) D>0 = a2—-16>0 = la] >4

®) fcia) == -2 1450 —~  a<65/4

16 4
© _£=_§>_1 = a<E = ae (—ow, —4)
2a 2 4 2

W 48

-4 NS ¢

(ii) Two real roots which are distinct

\__/,

f(-1/4) <0 = a>65/4 = a e (65/4, x)
(iii) all four roots are imaginary
Case-(i) (A)D>0=a|>4

(B) f(~1/4) >0 = a < %5

(C)-E <_£:>a>1
2a 4 2
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Quadratic Equation,” ﬂ_
A

=ace {4, E]

4 ~1/4 t
case- (i) case- (i)
Case-(ii) D<O > ac (-4, 4) ...(i)
taking union of both conditions mentioned by graph of case-(i) and case-(ii) a (—4 , 675)
(iv) four real roots in which two are equal
A) D>0 ®) f-U4=0 (©C) - % > %
A lal>4 (B) a = 65/4 (C)a< %
No common solution aeo

\ /.,
4N St

17. (x® + bx +¢).P(x) =3x*+ 18 x> + 75 = (x®+bx+c)Q(X)=3x*+4x>+28x+5
equation (i) — (ii) (x2 + bx + c)P(x) — Q(x) = 14x2— 28 x+ 70 = 14(x? — 2x+ 5)
X2+ bx+c=x2-2x+5. hence f(x) = x?2— 2x + 5.

18. Because discrminent of x2 + (2—a) x + 3 = 0 is negative so
X2 + (2—a) x + 3 = 0 has both imaginary roots
= both the equation have two common roots
Now, roots of equation x? + (2—a) x + 3 = 0 are roots of (ax* + bx3+x?+(3—a) x+3)—(x?> + (2-a) x + 3) =0

= roots of equation x? + (2—a)x + 3 = 0 are roots of ax* + bx3 +x =0
= roots of equation x? + (2—a)x + 3 = 0 are roots of ax3 + bx?+ 1 =0
= roots of equation x? + (2—a)x + 3 = 0 are roots of (ax® + bx? +1) — (ax(x?+(2—a) x + 3)) =0
= roots of equation x? + (2—a) x + 3 =0 and (b —2a + a?) x> — 3ax + 1 = 0 are same
b-2a+a® _2-a_ 3 1 11
= = = — —S>a=-— and b= ——
1 -3a 1 4 48
= |a+12b| =3
19. op=o?pz L. Q) ao+B=2+B2 L (2)

From (1), afp =0 or aff =1
Case 1: If ap = 0 then we have following possibilities
(i) If «=0 thenfrom (2),p=00rp=1
(i) If B=0 thenfrom (2),a=00ra=1
from (i) and (ii) we can say that rootsare a =0,3=0 ora=0,p=1
Required quadratic equations are x2=0or x2—x =0

Case 2: If o =1 then from (2) we get o + = a? + 2= (a + )2 — 20 caf=1
o+ B =-1, 2 So the required quadratic equations are x2+x+1 =0
and X¥-2x+1=0 = four equations are possible.
20. Let y=Q(X)=> 1/y+2 =X = P(,/y+2) =0
5
(y+2)2 =-y-3. = y® + 10y* + 40y3 + 79y2 + 74y + 23 = 0.
5

: constant term
(i) Qlay) = - =-23

E ' co — efficient of y°
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21.

22.

23.

24,

A

5 : 4
. coefficent of y
i > Qay) = ——————2 - =-10
) - (o) coefficent of y°

(i) Z ZQ(%)Q(%): coefficent of y* - 10

i 5
1<i<j<5 coefficent of y

2
(iv) ZQ (o) = [ZQ(a )J -2) > Q@)Q(x) = (~10)? - 2(40) = 100 — 80 = 20

I<i<j<5
(abc?) x? + x (3a2c + b%c) — (6a2 + ab — 2b?) = 0 for roots to be rational D should be perfect square
D = (3a%c + b2c)? + 4[abc?] (6a2 + ab — 2b?) = ¢? [9a* + b* + 10a%b? + 24a%b — 8ab?]
= c? (3a? — b? + 4ab)? = [c(3a% — b? + 4ab)]?

A = (@2 + b? + c?)? — 4(a?b? + b2c? + c?a?) = a* + b* + ¢* — 2a?b? — 2b?c? — 2c?a?
=a*+ b* + c* — 2a%b? — 2b%c? + 2c%a? — 4c?a? = (a? + ¢? — b?)? — 4c?a?
=(a? + c? - b? - 2ac) (a? + c2— b? - 2ac) = [(a — ¢)?> — b?][(a + ¢)? — b?]
atc>bandla-c|<b (a,b,caresidesofaA)
(a—c)*’<b? and (a+c)’>b> = A=-ve roots are imaginary.

ax? + bx + ¢ = 0 has roots X,
and —ax? + bx + ¢ = 0 has root x,
and  0<x, <X,
Let f(x) =ax?+2bx +2c =0
f(x,) f(x,) <O
L.H.S. = (ax;? + 2bx, + 2¢) (ax,? + 2bx, + 2c)
[ax2 + 2(-ax,?)] [ax,2 + 2(ax,?)]
(—ax,?) (3ax,?) = — 3a* 2 x> <0
f(x,) f(x,) <0 Hence proved.

Clearly the graph of y xt—4x—1is

\

(0,-1)
( -4)
no of positive real roots = 1
Aliter
2
y=x*—4x-1; d—y:4x3—4;d—y = 12x2 when d_y: O0,thenx=1
dx dx? dx

2
Z—Z =12 >0.so0x =1is aminima point so by graph, number of positive real roots = 1

X

x=1
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25. Since the given equation has distinct roots
D>0 = 16+4(1-k»)>0 = k?<5, also k=-1
If k = —1we will get only one solution, but we want two solutions
k2<5k -1

— b+
26. Since G,B:% and A?= b2 —4ac either 2aac+A=-band2ap-A=-b
a

or 2ac+ A=—-b+2Aand2af—A=-b-2A
: Sum of roots of required equation = — 2b
And product of roots =b? or b?-4A? =—-3b?+ 16ac
S Required equation is either x2 + 2bx + b? = 0 or x? + 2bx — 3b? + 16ac = 0
27. Given equation can be Expressed as

m(X-nm)(X—-nt—e)t+ter(x—e)(x—n—e)+(n"+e’)(x—e)(x—m) =0
Let fX)=n(x—m) (x—n—e)+e*(x—e)(x—n—e)+(n" +e°) (Xx—e) (X—m)
= fle)=n*(e—n)(—n)>0
and f(r) = e*(n — e) (—e) < 0; hence given equation has a real root in (e, n)
again f(r+e)=(n"+e’)w.e> 0

n + e > x, It concluds it has a real root in (&, © + €)
also n—e<e

Hence f(x) has two real roots in (t—e, & + €)

28. Call roots as — 20, o + i, o — i
Sumofroots0=-a ... (1)
Sum of products taken two at a time
—2a(a +iB) — 20(a —iB) + a2+ B2=b ... (2)
Product of roots
—20(a2+B%=3816 3)

= a2+ B2 =-2x79
Case-l: a=-1, a? + 32 =158

= B2 = 157 not multiple of 3

Rejected

Case-ll: 0 =-2, a2+ B2=79 = p2=75=3x25 = B=+53
Roots are 4, -2 + 53 = —a=4+(-2+5J3 )+(=2-5J3)=0

b=4(-2+5{3 )+ (=2+5J3)(=2-5J3)+4(—2-5J3 )=—16 + 4 + 75 = 63.

N /

29 .

B-2 PB-1 BB+l p+2

(o)  (o2) (a3) (o)

f(x) -5 =a(x — a1) (X — a2) (X — a3) (X — 04)

Letat x = B, f(B) = 9 then
f()-5=aP-a) (B-az) (B-as) (B-as)=9-5=4
B-—a1=2,p—a3=-1,B—a2=1,p—ous=-2anda=1
ou=pf-2,s=B+2,2=Pf-1,a3=p+1
f)=Xx-B+2)(x-P-2)(x-p-1) (x-Pp+1)+5
fx) = (x =By = 4)((x—-B)*-1) +5

f(x) = (x = B)* = 5(x - B)> + 9

fx +B)=x*-5x>+9
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Quadratic Equation,” ﬂ_

= f(B) =9and f’(x + B) = 4x3 — 10x
= f(®=0

30. Xy—=7)2=x2+y?2= (xy—6)2+13=(x+y)2 => (X+y—Xxy+6)(x+y+xy—6)=13
Case-l| x+y+xy—-6=13; X+y—-xy+6=1
On solving (x, y) = (4, 3), (3, 4)
Case-ll x+y+xy—-6=1, X+y—xy+6=13
On solving (x,) # (0, 7), (7, 0)
In all other cases negative solutions are obtained
hence solution set is (3, 4) (4, 3), (7, 0), (0, 7)
Sum of all possible values of xis3+4 +7 +0 = 14. Ans.
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